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Abstract

This work shows a novel method to characterize the wind turbine’s power per-
formance directly from high frequency fluctuating measurements. In particular we
show how to evaluate dynamic responses of the wind turbine system on fluctuating
wind speed in the range of seconds. The method is based on the stochastic differ-
ential equations known as the Langevin equations of diffusive Markov processes.
In this analysis the fluctuating wind turbine power output is decomposed into two
functions: i) the relaxation, which describes the deterministic dynamic response
of the wind turbine to its desired power production; and ii) the stochastic force
(noise), which is an intrinsic feature of the system of wind power conversion. As
a main result we show that independently of the turbulence intensity of the wind
the characteristic of the wind turbine power performance is properly reconstructed.
This characteristic is given by their fixed points (steady-states) from the determin-
istic dynamic relaxation conditioned for given wind speed values. The method to
estimate these coefficients directly from the data is presented and applied to nu-
merical model data, as well as, to real world measured power output data. The
method is universal and not only more accurate than the current standard proce-
dure of ensemble averaging (IEC-61400-12) but it also allows a faster and robust
estimation of wind turbine’s power curves. In addition, the stochastic power output
of a wind turbine was analyzed in the response theory. To derive the delayed re-
sponse from measured data a simple example for relaxation in the special case of
constant power output is discussed.



Zusammenfassung

Diese Arbeit stellt eine neuartige Methode zur Bestimmung von Leistungskenn-
linien von Windkraftanlage auf Basis von hochfrequenten, fluktuierenden Mess-
daten dar. Insbesondere wird gezeigt, wie die Antwort einer Windkraftanlagen
auf turbulente Windschwankungen im Sekundenbereich berechnet werden kann.
Die Methode basiert auf einer stochastischen Differentialgleichung – bekannt als
Langevin-Gleichung – für diffusive Markovprozesse. Zunächst wird die stochasti-
sche Leistungsabgabe in zwei Komponenten aufgeteilt: i) die deterministische Ant-
wort einer Windkraftanlage, die die Relaxation auf die vorgegebene Regelleistung
beschreibt und ii) die stochastische Kraft (Rauschen), die eine intrinsische Eigen-
schaft der Windenergiewandlung ist. Als Hauptergebnisse zeigen wir, dass un-
abhängig von der Turbulenzintensität die Leistungskennlinie genau rekonstruiert
werden kann. Die Kennlinie ist dabei durch die stabilen Fixpunkte der determi-
nistischen Dynamik gegeben. Die Methode zur Bestimmung dieser Koeffizienten
aus Messdaten wird beschrieben und auf numerische Modelldaten sowie reale
Leistungsdaten angewendet. Das Verfahren ist universell und nicht nur exakter als
das Standardverfahren nach IEC-61400-12, sondern auch effizienter and robuster.
Die stochastische Leistungsabgabe wird ausserdem mit Hilfe der

”
response theory“

analysiert. Um die zeitversetzte Antwort einer Windkraftanlage aus Messdaten
abzuleiten, wird ein einfaches Beispiel für die Relaxation im Sonderfall konstanter
Leistungsabgabe diskutiert.
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Chapter 1

General Introduction

Wind energy is world-wide growing faster to be a mainstream power source and it is ex-
pected to contribute importantly into the existing electric power generation mix in the com-
ing future. This enormous growth has been driven by climate changes and energy supply
security aspects. The European Union, as wind energy leader, has already started with a
directive for the energy integration policies of the renewable energy sources in order to
reduce CO2 emissions. Currently the overall European renewable energy shares abruptly
in the electric power generation 13.4% and the target is for 21% by 2010. For example, the
installed wind capacity reached 40.5 GW at 2005 and this is already achieved, five years
ahead of time, because the target set by the European Union was at the end of ninety-years
for 40 GW by 2010 [1, 2, 3]. Thus an important market for the wind turbine industry and
investors from the mainstream finance and traditional sectors has been established.

Although wind energy developments increase rapidly wind turbines designs have also im-
proved fast in the last twenty years. The planning, building and operating of wind energy
projects are still a challenge. Because for the power productive capacity assessment of wind
power plants the power performance of a wind turbine, namely the power curve, is crucial.
Therefore several technical and economical risks in specific sites with higher turbulent wind
fields (e.g. complex and off-shore areas) have been brought forward, especially by project
developers and manufacturers. One of their main problems is the lack of accurate methods
for the estimating power curves at the site specific which is very important for such assess-
ment. Actually current methods to estimate power curves are only provided in an ideal site,
namely flat terrain, under standard conditions according to the official approval of a wind
turbine.

As the power output of a wind turbine depends mainly on the turbulent winds, and, also on
the wind turbine dynamics, high uncertainties of the order of 10%-20%, even for sites of

11



12 GENERAL INTRODUCTION

flat terrains, are usually found in the power assessment. Those significant results are due
to the fact that those dynamics effects had not been well understood for such assessments
and are, therefore, the main risk parameter of importance in the feasibility of projects. This
is a relevant basic problem which concern with the method to determine properly the true
power curve of wind turbines in the wind fields and which has to be investigated in detail
in order to separate the definition of the actual power performance and the power yield
potential of a wind turbine.

1.1 Propose of the thesis

This thesis concerns with the method to characterize power curves of wind turbines in
the wind fields. The power curve is the most important characteristics of a wind turbine.
Actually the method to estimate power curves, which is given by the standard (officially
regularized in the IEC 61400-12), is based on measured 10 - minute average values of wind
and power. In fact, there are several problems concerning to this method. For example,
the averaging time of those mean values, which is applied over the collected data, is too
long for the purpose of power performance estimation. Furthermore, the basic problem
of those mean values are that in principle they are affected by turbulent winds due to the
nonlinearity of the power and to wind turbine responses. That is why measured power
curves are actually wind turbulence dependent, especially for sites of complex terrains. To
add in this point this procedure is inaccurate for estimating power curves and, hence, the
wind power potential. Therefore, it is important to investigate a new procedure by means
of the dynamics for the stochastic power output. Hence, the new method, which considers
all dynamics of the power output to the turbulent winds, should provide wind turbulence
independent power curves, fast measurement period and the separation of the wind and
power production. This is an important procedure for the manufacturers as it allows to
estimate, more reliably, accurate power curves for arbitrary specific sites and, thus optimize
costs in the power performance verification, calibration and assessment phases.

In this work we introduce the definition of wind turbine power conversion for given wind
speeds of a given site by the stochastic power output. We focus on how to evaluate the dy-
namic response of the wind turbine power output on fluctuating wind speeds in the range of
seconds. This include the assessment of the overall dynamical behavior of the the stochas-
tic power to its true steady power production in terms of their fixed-points (attractor). Also
the decomposition of the stochastic power by of its relaxation, which describe the deter-
ministic dynamic response of the turbine on sudden wind speed changes, to its desired
power operation state, and the stochastic force (noisy), which is intrinsic feature of the



STRUCTURE 13

power production system. A new stochastic Markov power output model is introduced,
which is based on a stochastic differential equations known as diffusive Langevin equation
of Markov processes. Special attention is paid to the deterministic dynamic relaxation,
which is the main parameter for finding those fixed-points. The result of this new method,
so-called Markovian power curves, can be used to reconstruct properly wind turbulence
independent power curves of specific wind turbines of an arbitrary site in an optimized
way.

In addition, the stochastic power output of a wind turbine is also analyzed in the response
theory. A more general relaxation model, which take into account the power response as a
non-linear function and the wind field is introduced. The results can be applied to predict
power output for arbitrary turbulence wind fields.

1.2 Structure

The structure of this thesis is organized as follows. Following this introduction, in Chapter 2
the basic concepts of stochastic for describing the power output process of wind turbines is
briefly described. The standard procedure (IEC 61400-12) for power performance charac-
terization of a single wind turbines is shown. An overview of a selection of the more rel-
evant existing power output prediction approaches which take into account the turbulence
of the wind and, lately, the dynamical characteristics of the wind turbine are discussed.

In Chapter 3 the data used in this work are briefly described. Also a standard analysis of
the data and the respective measured power curve of a large wind turbine by the standard
method is illustrated.

In Chapter 4 the Markovian method to characterize power curves directly from high-
frequency measurement data is explained. An illustration of stochastic power output from
numerical model are reproduced by measured wind fields from different sites and turbu-
lence intensities. The procedure of the stochastic analysis is described in detail. Results of
the Markovian method and standard method are shown.

In Chapter 5 the relaxation function of the wind turbine in the wind field to predict power
output is analyzed in the response theory. The preliminary results of this method from
measurement data is discussed.

And, in Chapter 6 a summary of this thesis with the conclusions and an outlook are given.
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Chapter 2

Theoretical Fundament

This chapter briefly shows basic concepts of stochastic that are needed as background for
the description of the power output process of wind turbines developed lately in the wind
energy field.

In the steady wind situation, the theoretical wind power extraction approach of a wind
turbine is presented. To show the importance of the aerodynamics properties of the wind
turbine rotor, given by its performance coefficient, into the power production, the power
output characteristics of a real wind turbine is presented. The standard method (IEC 61400-
12) to characterize the power performance of wind turbines from measurement data is
shortly discussed.

As atmospheric wind flows are turbulent, the effects of wind turbulence intensity to the
expected wind power extraction is introduced. In order to take into account these wind
fluctuations the mean power value from a wind turbine in the case of weak turbulence on
the wind is described by a Taylor series approach. In addition, to include the inherent
dynamical wind turbine interaction with the fluctuating winds the Taylor approach for the
mean power is modified. The generalization of this modified Taylor approach for the case of
arbitrary turbulence is given by a dynamical response model based in a differential equation
is presented.

15



16 THEORETICAL FUNDAMENT

2.1 Basic statistics wind turbine power output

Since the energy available in the wind depends basically by the variability of the wind basic
concepts of random variable and its distributions are used. Also the concepts of stationarity,
characterization by the two-points-autocorrelation function as well as its relation with the
power spectrum are briefly described.

2.1.1 Random variable and distributions

Let U be a random variable of a physical (stochastic) process, whose outcomes is a collec-
tion of U -random values, gives the real numerical value u. We call the distribution function
F(u) as the probability W of the random variable U that would take the value u satisfying
the following inequality U < u of set of points

F(u) = W (U < u) ∀U ∈ R . (2.1)

If the random variable is continuous in a range of values then the distribution function is
defined as the probability density function f (u) by

F(u) =

Z u

−∞
f (u′)du′. (2.2)

This implies that the total integral from −∞ to +∞ is equal to 1. Thus it follows that
f (u) ≥ 0 and the normalization condition satisfies the following equality

1 = lim
u→+∞

W (U < u) =

Z +∞

−∞
f (u)du. (2.3)

The nth moments u of the stochastic variable U are defined as

〈un〉 =

Z +∞

−∞
un f (u)du. (2.4)

The brackets 〈 〉 indicate the ensemble average. The first moment is the mean value, called
also the expected value E(U)

〈u〉 = E(U) =
Z +∞

−∞
u f (u)du. (2.5)

As an important quantity, the nth central-moment of U is defined by

µn =
Z +∞

−∞
(u−E(U))n f (u)du. (2.6)



BASIC STATISTICS WIND TURBINE POWER OUTPUT 17

Obviously, the first central moment is thus zero. The second central moment is the vari-
ance,

µ2 = σ2
u =

Z +∞

−∞
(u−E(U))2 f (u)du, (2.7)

where its square root σu is the known standard deviation. In general, odd-orders central
moments of Eq. (2.6) give the asymmetry property of the distribution while even-orders
describe the broad property of the distribution. If all the central moments of the random
variable are known then its distribution is completely characterized.

The most known probability density function of a random variable U is the Gauss (or
normal) distribution which is given by

f (u) =
1√
2πσ

exp
(

−(u−a)2

2σ2

)

. (2.8)

This distribution is completely characterized only by its first two moments, the expected
value a and the variance σ2. The importance of the Gauss distribution is its property at-
tributed to the central limit theorem, which states that the distribution of a sum of a large
number of independent variables is approximately normal [4].

In the case of two functional random variables U and X and considering Eq. (2.3) the
probability density function of f (x) is defined by

f (x) = f (u(x))
du
dx

. (2.9)

Now, considers the case of N random variables U1,U2, ...,UN, the distribution function,
called the joint distribution function, is defined similarly as it is presented in Eq. (2.1)

F(u1,u2, ...,uN) = W (U1 < u1,U2 < u2, ...,UN < uN) (2.10)

and their probability density function by

F(u1,u2, ...,uN) =
Z u′1

−∞

Z u′2

−∞
... f (u′1,u

′
2, ...,u

′
N)du′1du′2...du′N. (2.11)

From Eq. (2.3) it follows that the integration of N dimensional probability satisfies the
normalization condition

1 =
Z u1

−∞

Z u2

−∞
... f (u1,u2, ...,uN)du1du2...duN. (2.12)

If all different pairs of the normally distributed random variables are independent then these
random variables have independent probability densities

f (u1,u2, ...,uN) = f (u1) f (u2)... f (uN). (2.13)
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The advanced form for analyzing the relationship between random variables is given by
the conditional probability, f (u1|u2), see Ref. [5]. Let U1 and U2 be two random variables.
The conditional probability in terms of the joint probability density, f (u1,u2), is written as
follows

f (u1|u2) =
f (u1,u2)

f (u2)
, (2.14)

which states that if the probability density of the variable u2 is known too, then the proba-
bility density of the first variable u1 conditioned at u2 can be determined.

The covariance, defined as

cov(ui,u j) = 〈(ui−E(Ui))(u j −E(U j))〉 (2.15)

is an important quantity to measure dependencies of two random variables Ui and U j with
expected values E(Ui) and E(U j) respectively.

The correlation coefficient, in the usual normalized form is

Ri, j(ui,u j) =
cov(ui,u j)

σuiσu j

=
〈(ui−E(Ui))(u j −E(U j))〉

σuiσu j

. (2.16)

If the two variables are independent then the correlation is zero. But the inverse is not true in
general sense because the correlation coefficient shows only linear dependencies. However,
in the especial case when Ui and U j are jointly normal, independence is equivalence to
uncorrelatedness.

In the statistic of the fluctuating u(t) time variable, often the correlation function at two
different times is of interest. The quantity of the two-point-correlations function is called
autocorrelation function and is defined, in the normalized form, as

Ruu(t, t + τ) =
〈u(t)u(t + τ)〉

σ2
u

. (2.17)

For the special case of stationary u(t), as defined later, the quantity Ruu(t, t + τ) becomes
independent of the time t, i.e. Ruu(τ). The values Ruu(τ) are within the range between
−1 ≤ Ruu ≤ 1. If Ruu(τ) = 1 then u(t) and u(t +τ) are perfectly correlated. If Ruu(τ) = −1
then they are perfectly anticorrelated and if Ruu(τ) = 0 then they are not correlated.

A general and applied quantity to characterize turbulent flows is given by the power spectra
or Fourier analysis. The Fourier transform of a variable u(t) is defined by

Hu( f ) =
Z +∞

−∞
u(t)e2πi f tdt , (2.18)
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where the the amplitude Hu( f ) is a function of f frequency. The power spectral density
function is given by

Su( f ) ∝ |Hu( f )|2 , (2.19)

which describes how the energy (or variance) of a time series is distributed with the fre-
quency f function. Note that the power spectral Su( f ) is proportional to the Fourier trans-
form of the two-point autocorrelation function Ruu(τ), [4].

Now, let h(t) and g(t) be two random variables and their corresponding Fourier transforms
H( f ) and G( f ) respectively. The convolution of these two variables, denoted g∗h, is de-
fined by

g∗h =

Z ∞

−∞
g(τ)h(t− τ)dτ. (2.20)

The product g∗h is a function in the time domain and the g∗h = h∗g. It turns out that the
function g∗h is one member of a simple transform pair

g∗h ⇔ G( f )∗H( f ). (2.21)

This is known as the ”convolution theorem”. In other words, the Fourier transform of the
convolution is just the product of the individual Fourier transforms.

2.1.2 Stationarity

An essential simplification of the stochastic process (u = u(t1), ...,u(tn), ∀n = 1, ...,n) is if
the time dependence is taken out of the distribution function. So that the stochastic values
of u(t) remains itself essentially invariable at the time evolution of t. Hence, the stochastic
u(t) variable satisfies the following restriction

E(U(t)) = E(U(t + τ)) = µu, (2.22)

Ruu(t, t + τ)) = Ruu(τ), ∀τ ∈ R . (2.23)

A process with this characteristics is called stationarity process. That means that the prob-
ability function at a fixed time is the same for all the times, [4].

2.1.3 Turbulence intensity

An basic quantity to measure the turbulence of a stochastic variable u(t), which is defined
by its mean µu and fluctuating u′(t) components, i.e. u(t) = µu + u′(t), is given by its
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turbulence intensity. The turbulence intensity is defined as the ratio of the σu standard
deviation of u, given by Eq. (2.7), in relation to its mean µu value

Iu =
σu

µu
, (2.24)

and describes the overall level of turbulence of the stochastic u(t) variable. Note that the
value Iu does not contain any dynamical or time-resolved information about the fluctuation
itself. In this case an advanced analysis in the small-scale turbulence can be given by the
statistic of increments, see Ref. [6]. However, applications of Eq. (2.24) in the wind energy
field are given in Ref. [9, 12].

2.2 The power of wind turbines

2.2.1 Theoretical power extraction from the wind

The primarily purpose of the wind turbines is the conversion of the kinetic energy from the
wind into (usually) electrical energy. This is achieved by the moments and energy wind
flows that are considered in a stream-tube that encloses the rotor disc, see Ref. [9]. The
mechanical wind power extraction by a horizontal wind turbine converter, at the steady-
state and uniformly flow on the loaded rotor area, is given by the following expression

Ps(V ) =
1
2

ρ Ar Cp V 3, (2.25)

where ρ is the air mass density and the constant Ar is the wind turbine’s rotor swept area.

The quantity Cp < 1 and is the power (or performance) coefficient of the wind turbine
system and is in general a function of the wind speed V . The maximum value of Cp,max =

16/27, so-called Betz limit, is the theoretical achievable value into the free-stream airflow
when the wind speed slows down to 2/3 at the actuator rotor disc, see Ref. [8, 9].

In fact, the power Cp coefficient of real wind turbines achieves lower values than theo-
retical value because the aerodynamics losses, which depend on the rotor construction or
characteristics (e.g. number and shape of blades, weight, stiffness, etc).

The wind speed V represent the actual wind velocity at the hub height, or center of rotor as
reference, of the wind turbine. Note that Eq. (2.25) gives the theoretical expected power
output Ps(V ) that one obtains if the wind speed is frozed (constant) in at the steady V value,
i.e. fluctuating winds are not considered.
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2.2.2 Power performance of real wind turbines

In Eq. (2.25) we have shown that for a given wind speed V the power extraction of a given
wind turbine also depends on the aerodynamics properties of the rotor. These aerodynam-
ics properties, which are given by its power Cp coefficient, are important for the power
performance characteristics of the specific wind turbine.

In the mechanical wind turbine power extraction the usual way to controll power production
is achieved by stall (flow separation) effects1 on the rotor blades, [9]. In modern larger wind
turbines machines this is achieved by so-called active stall controll or pitch control, see
Ref. [9, 10]. This consists by rotation of the blades into the plane of rotation and the blade
cross-section. The blade rotation angle is known as blade pitch angle ϑ. The power Cp

coefficient, in this case, is denoted as function of the tip-speed ratio2 λ and the blade pitch
angle ϑ parameter, i.e. Cp(λ,ϑ). Thus, the power extraction of wind turbines is optimized
to a desired power production as well as it protects of damages in the turbine design in
cases of excessive wind conditions (over power production).

In the wind energy conversion to achive an effective pitch control the wind turbine is
equipped by an power controller system. This is, in general, composed by several com-
posite mechanical-electrical components that, depending on the type of design, it operates
actively for the optimum power performance. As consequence the power output operation
for active stall wind turbine systems can be distinguished into two states: partial load and
full load. A complet detail about the overall structure of the power operation system for
different wind turbine types is described in Ref. [9, 10]. In the case of numerical wind tur-
bine simulation this can be found, as example, in Ref. [11]. In Figure 2.1 the static power
curve characteristics of a wind turbine system and the partial and full load operating states
is depicted.

The partial load, V > Vcut−in, where Vcut−in is the minimum wind speed for power produc-
tion, the wind turbine yields the maximum wind energy extraction by power optimization
operation. This is achieved by an effective power control system, which adjust to the de-
sired pitch angle ϑ at a given wind speed V value in order to optimize the power Cp coef-
ficient and hence the power production. In practice a simple lookup table is the most used
method for this operation, see Ref. [11].

The partial load of the power curve is limited to the range Vcut−in ≤V ≤Vr. The wind speed
Vr is the rated wind velocity. For V > Vr the wind turbine generates the rated Pr.

1In aerodynamics, a stall is a sudden reduction in the lift forces generated by an airfoil when the critical
angle of attack for the airfoil is exceeded.

2The tip-steep ratio λ at the wind turbine rotor is defined as λ = ωR/V , where ω is the angular velocity of
rotor, R the rotor radius (≈ blade length) and V the wind speed
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Figure 2.1: Static (steady-state) power curve Ps(V ) of an active stall controlled wind turbine

showing the two power operation states: partial and full load

The full load Vr ≤ V ≤ Vcut−out , where Vcut−out is the maximum wind speed, or also shut-
down wind speed, for power production, the wind turbine power output is limitated to
nominal power. In this power operation the pitch angle ϑ is adjusted to control the stall
effect and hence the power output is reduced to its rated Pr power.

For V > Vcut−out the pitch angle ϑ is maximized (minimizing the angle attack) to the feath-
ered position in order to get full stall effect on the rotor blades. As consequence power
generation is switched off (stopped).

2.2.3 Standard power curve

In wind energy applications, to assess the power performance of a given specific wind
turbine generator system in the long-term energy production expected on a given site, an
estimation of its power curve characteristic from measurements is required. The standard
procedure to achieve such evaluation is currently given by the standard IEC 61400-12 3

[12].

In this standard procedure the power curve of a single wind turbine is estimated by col-
lected mean values, which are taken from instantanenous short-term measurements of the

3The International Electro-technical Commission (IEC) is the current developing of standards specifically
applicable to wind turbines.
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horizontal wind speed u(t) at the hub height as reference with a certain distance upwind
from the wind turbine and their corresponding electrical power output response P(u(t)), as
recommended in [12].

The empirical power curve from those measured mean values are found by a functional
mean values relation. This is written as, if the air density is assumed constant in Eq. (2.25),
else air density corrections has to be considered properly see [9, 12]

P : 〈u(t)〉T → 〈P(u(t))〉T . (2.26)

On this base the measured power curve of the specific wind turbine is determined. The 〈·〉
brackets denotes the short-time ensemble averages, commonly over a time period T = 10
minutes is used.

In this procedure the following notation for the fluctuating u(t) wind variable with 10
minute mean value V = 〈u(t)〉 and stochastic u′ contribution with 〈u′(t)〉 = 0 is consid-
ered. In the same way, the corresponding fluctuating output power P(t) = P + p′(t) with
mean value P = 〈P(u(t))〉 and stochastic p′ with 〈p′(t)〉= 0 is also adopted.

In the analysis, the ensemble mean relation (2.26) for the power curve is usually given by
the known method of bins, [33]. This consists in calculating the corresponding ensemble
mean values as

Vi =
1
Ni

N j

∑
j=1

Vi j , Pi =
1
Ni

N j

∑
j=1

Pi j (2.27)

into the wind speed intervals of 0.5 m/s as width of wind speed bins. The terms Vi j and Pi j

are just the jth 10 min averages of wind speed and the coresponding power output in the
ith bin, respectively. The ensemble averages (Vi,Pi), which is given by (2.27), describes
the measured power curve for the specific wind turbine generator system [9, 12].

However, one of the the main problem of the ensemble averaging procedure (IEC standard)
for evaluating measured power curves (2.26) is the fundamental non-linearity characteris-
tics of the power curve, i.e. P(u) ∝ u3, see Eq. (2.25), that in combination with short-
term turbulent wind situations yield the following inequality at the expected power value:
Ps(V ) 6= 〈P(u)〉. In Figure 2.2 the effects of the non-linearity on the standard power curve
for 10%, 20% and 30% of turbulence intensities of the wind (2.24) are depicted.
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Figure 2.2: The non-linearity effects of the power curve for 10%, 20% and 30% turbulence inten-
sities (2.24) of the wind. The (full line) is the ideal power curve and the (dotted line) is the standard

power curves given by the IEC procedure. The data have been obtained from numerical model
simulations [15].

2.2.4 Turbulent wind effects

As mentioned above, turbulent winds refer to the fluctuations in the wind speed variable
over periods much shorter than the time-scale T , (i.e. ≤ 1sec). These faster turbulent
wind fluctuations are not only responsible for the high mechanical loads (fatigue) on the
wind turbines components, which are importants in the aerodynamic designs, but also to
variations on the power output production, which contribute to the expected power output
value and therefore non-linearity effects of Eq. (2.25) has to be taken into account for the
power assessment.

To show these influences to the basic mean wind power production we replace the following
stochastic wind speed u(t) instead of the steady wind speed V value of Eq. (2.25). Then, if
the air density of Eq. (2.25) is assumed constant, the expected wind power production for
a wind turbine

〈P(u(t))〉 ∝ 〈(V +u′(t))3〉 ,
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becomes to be proportional to the average value of third order power of the fluctuating wind
speed.

Solving 〈(V + u′(t))3〉 term and considering that wind fluctuations are symmetrically nor-
mal Gauss distributed to mean value 〈u′(t)〉 = 0, the expected power value is reduced to
V 3 +3V 〈u′2(t)〉+ 〈u′3(t)〉. In this expression mean fields and fluctuating higher order mo-
ments of the wind are separated. Using Eq. (2.24) and 〈u′2(t)〉 ≡ σ2

u this expression is
written as

〈P(u(t))〉 ∝ V 3[1+3I2
u ]+ 〈u′3(t)〉 . (2.28)

Thus the averaged power value is determined by the third order mean V 3 value with the
correction factor 3I2

u plus the contribution of the higher nonlinear term 〈u′3(t)〉 of the wind.
This approach (2.28) shows, for example, that in the special case of laminar wind flows
(i.e. zero turbulent intensity, Iu = 0) the expected power would simply be proportional to
steady V 3 value, as shown above in Eq. (2.25), while that for the case of turbulent winds
would be not.

It is clear, that the correction factor given in (2.28) for calculating the averaged power is
stronger for large turbulence intensity of the wind fluctuations. For instance, the correction
factor will amount to around 11% for a turbulence intensity value of 20%, which is a typical
wind turbulence intensity value of complex sites [9, 12] Therefore, to predict the mean
power output of wind turbines more accurately higher order of moments of the fluctuating
wind speed, i.e. 〈u′3(t)〉, has to be known previously.

Furthermore, dealing in the especial case of free atmospheric winds the problem of the
turbulence intensity is that this quantity cannot characterize uniquely the real fluctuating
variable of the wind signal. Because turbulence of free atmospheric winds are much more
intermittent in the small-time scales than those stationary, see examples in [13,52]. Hence,
the turbulency intensity approach is mathematically applicable only if the wind signal is a
pour random variable number with zero-correlation. In this case the corresponding wind
turbine power lost these correlation.

In the following we will introduce the current statistical approaches to predict power pro-
duction of wind turbines considering the influences of the turbulence intensity of wind.

2.3 Taylor series for the power output

In order to reduce the dynamics of the power output P(u(t)) at the stochastic wind u(t) to
its static form and considering that to characterize a fluctuating nonlinear quantity higher
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order of moments has to be known in advance. Due to the determination of proper power
curves this means that the functional relation of an averaged power to an averaged wind
speed is not unique but will depend at least on the turbulence intensity of the wind.

The power P(u) variable of a wind-turbine for any average V value can be described by the
following (general) power series, so-called Taylor series [16]

P(u) =
∞

∑
n=0

P(n)(V )

n!
(u−V )n (2.29)

with their convergences around to the fixed V value within the interval of the wind fluc-
tuations (V − u′,V + u′). Here, the notation P(n)(V ) is the nth derivative of the power P
function defined at the mean V wind speed value.

This approach (2.29) shows that as the nth derivative degree of the Taylor series rises on
the P(u) variable, it approaches to the theoretical Ps(V ) power value.

An application of the Taylor approach (2.29) for wind turbine power assessments in tur-
bulent winds has been already introduced in order to unfold from measured mean values,
as suggested in IEC standard, the unknown steady power curve Ps(V ). In this application
the approach (2.29) is suggested to be expanded up to its third derivative in the fluctuating
wind u′ = u−V . Thus it follows that Eq. (2.29) reads the form [18, 19, 20, 21])

P(u) = P(V )+P′(V )(u−V )+
1
2

P′′(V )(u−V )2 +O(u−V )3, (2.30)

where, the fluctuating wind speed u(t) = V + u′(t) with V = 〈u(t)〉 and 〈u′(t)〉 = 0 is as-
sumed to be weakly turbulent, i.e. for small turbulence intensities Iu.

Now, in order to calculate the stationary average power output from the dynamic approach
(2.30) and after neglecting higher order moments, i.e. O(u−V )3 → 0, one averages (2.30).
The result approach is written in the following form

〈P(u)〉= Ps(V )+
1
2

P′′(V ) ·σ2
u , (2.31)

where σ2
u = 〈(u−V )2〉 denotes the variance of the wind fluctuations as defined in Eq. (2.7).

Eq. (2.31) shows that the mean 〈P(u)〉 power is decomposed into the two terms: the steady
Ps(V ) power at the mean wind speed V and the corresponding second derivative of the
power output 1

2P′′(V ) at the standard deviation σu of the fluctuating wind speed u.

It is clear that the steady power Ps(V ), as given in Eq. (2.25), has to be modified. This
modification depends on the second derivative of the power curve and the turbulence in-
tensity, which is denoted by the σ2

u variance. It is strong for large wind fluctuations. In the
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case of a positive curvature by the second derivative of the power curve, i.e. in the partial
load states as illustrated in Figure 2.1, the steady Ps(V ) power curve is overestimated while
in a negative curvature the power curve is underestimated.

The common procedure of Eq. (2.31) to evaluate the correction of measured IEC power
curves by their wind turbulence intensities, is given by the well-known least-square (linear
regression) method, see Ref. [19, 20, 21]. This analysis estimate the steady Ps(V ) power
curve simply by extrapolating beyond the range of the measured turbulence intensities to
the zero turbulence value, i.e. Iu = 0.

However, one of the main problems of Eq. (2.31) is the non-linearity characteristic of the
power curve (2.25). This characteristic yield that the relationship between the power values
and wind turbulence intensity values are also affected, which gives as result independence
and uncorrelation [16], even though both variables are dependent, see examples in [19, 20,
21]. Therefore, linear regression (variance) analysis is limited to be applied on non-linear
systems such as the wind turbine power output.

In fact, to approach properly from measured power curves to the steady power curve Ps(V ),
higher derivative degrees on the Taylor series approach (2.29), than the given in Eq. (2.31),
have to be applied. Because the steady power curve, see Figure (2.1), presents, furthermore
of their affected full and load parts, at the rated wind velocity Vr value a singular vertex
(corner) curve at the Pr value. Unfortunately this is the most affected part by measured
IEC power curves, which in turbulent winds situations the ensemble mean values of power
and wind are extremely influenced by the dynamics power control responses of the wind
turbine, especially in modern machines, as seen in section 2.2.2.

2.3.1 Modification of the Taylor series

Hitherto we have included the effects of the fluctuating wind through of the turbulence
intensity quantity in the mean value of the power output of a wind turbine, as described Eq.
(2.31). But we have said nothing about the interaction of the dynamical characteristics of
the wind-turbine due to wind turbulence in the averaged value of power.

It is a fact, that wind turbines are systems with complex dynamical responses, as mentioned
in section 2.2.2, which mainly depend on the suddenly changes of the wind speed. In order
to take into account those coupled effects of the wind and wind turbine dynamics in the
mean value of the power for the case of weak wind turbulence. The Taylor approach, given
by Eq. (2.31), was modified in the following form
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〈P(u)〉 := P(V )+λ2 ·
N

∑
i=1

∆ f S( fi)G( fi,V ) , (2.32)

which corresponds to a coupling between the dynamic characteristics of the specific wind
turbine, through of G function, and the wind field, in analytic form, through of S function,
see Ref. [17, 18]. The G( fi,V ) term is a function of the frequency ( fi = i∆ f , ∀i = 1, ...,N)
and the average wind velocity V .

This G function is usually obtained, empirically, by numerical simulations by means of a
specific rotor-gearbox-generator models for wind turbines systems as shown in [17, 18].

The variance of the wind fluctuations is written explicitly as σ2
u ≡ ∑N

i=1 ∆ f S( fi), where
the term S( fi) denotes the spectral density of the turbulent wind speed u = V + u′ that in
general depends on the short-term mean wind speed V and at the hub height of the wind
turbine. The turbulence intensity of the wind is defined by Eq. (2.24) and the stochastic
fluctuating wind u′ is described by the function of distribution S( f ) which can be given, for
example, by the Kaimal spectral analysis, for details about this analysis, see Ref. [7, 9].

In this approach numerical calculations using the spectral G and S functions for calculating
correction terms into the Eq. (2.32) can be performed as input in order to predicting power
output of a given specific wind turbine on conditions of weak turbulent winds. The first
numerical applications of this approach for the power output of specific wind turbine can
be found in Ref. [17, 18].

However one of the disadvantages of this modified Taylor approach (2.32) is that the cor-
responding dynamical response g(t) function can be uniquely determined by the empirical
G function which is obtained by numerical simulations for the specific wind turbine, which
commonly is not always available. Therefore in order to overcome this difficulty a general-
ized response model has been developed. The g(t) function can be obtained by a differential
equation of the instantaneous power value, which is characterized, in a nonlinear way, by
a time-dependent relaxation function and the stochastic wind field [22]. In the following
section this new approach is described.

2.4 Dynamic response model

In the previous section we have described the mean value for the power output (2.32) and
the coupling between the wind turbine dynamic characteristics and the wind field dynamics.
Following this ansatz a more general approach in the condition to obtain the form of Eq.
(2.32) and in the limit of weak turbulence has been recently proposed by Rauh [22]. This
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new ansatz, which is a dynamic response model to predict power output of a wind turbine
and which takes into account the delayed response function of the turbine to turbulent winds
as well as the wind fields of arbitrary turbulence intensity.

This response model is based in a linear differential equation for the instantaneous stochas-
tic power output P(t), given by the wind turbine, at the time t, which corresponds to be
uniquely related to the longitudinal short-time wind fluctuations u(t) variable. This general
relaxation model is written in the following form

d
dt

P(t) = α(t) · [Ps(u(t))−P(t)] (2.33)

and is characterized by the time-dependent relaxation function α(t). Here the function
Ps(u(t)) corresponds to the steady Ps(V ) power curve, see Figure 2.1, where the stochastic
power output P(t) variable would relax to Ps(V ), if the particular wind speed u(t) was
frozed in the steady V value. In this approach (2.33) the steady power Ps(V ) function have
to be known in advance4. The solution (2.33) depends on the wind turbine response and
the wind field in a nonlinear way.

The Eq. (2.33) was basically motivated by the need that it should reproduce the dynamical
power response of Eq. (2.32) in the limit of weak turbulence, as was presented above
in [17, 18], and that it should be more general in order to include wind fields of arbitrary
turbulence intensities.

The relaxation α(t) function, in general, depends on the fluctuating wind speed variable
u(t) = V + u′(t) and in the time derivative of the fluctuating wind u̇ = u̇′. Here, it was
assumed to have the following form

α(t) = α1(u(t))+α2(u̇′) , (2.34)

where the term α1(t) describes the relaxation function, on constant wind speed u̇ = 0, to
the steady power Ps(u) from a nonestationary value P(t = 0) 6= Ps(u). In this analysis the
relaxation term α1 is assumed, for simplicity, as a constant factor, i.e. depending on the
mean wind speed V only with α1(u) = α1(V ) = α0. The other function α2 is described
from the linear response theory by the following convolution form, see (2.20)(2.21)

α2(t) =
Z t

−∞
u̇′(t ′)g(t − t ′)dt ′ , (2.35)

where g describes, in the non-linear way, the response function of the wind turbine. It
depends, in general, on the mean wind speed V and the turbulence intensity Iu (2.24) as

4 In the next chapter we will shown in a simplied stochastic method to describe properly the steady Ps(u)

power curve directly from instantaneos measurement data



30 THEORETICAL FUNDAMENT

control parameters. Those parameters can be simply obtained if a short-term period t ∈
[0,T ] is considered. The function term α2 = α2(u̇′) is used to describe the instantaneous
interaction between the wind-turbine with the turbulent wind velocity.

Obviously, the response g(t) has to be causal, this implies that g(t − t ′) = 0 if t ′ > t.

Now, assuming that the steady power curve Ps(V ) depends on the turbulence it follows that

Ps(u) → Ps(u, Iu) =

{

Ps(u,0) , if Iu ≤ I∗

0 , if Iu > I∗ .
(2.36)

As an application of the model, the effects of large turbulence intensities in the especial
case of a simplied idealized shutdown model, for details see Ref. [22], at time t = 0 and
instantaneous power output P(0) in the turbulent wind field. Thus, the general solution for
the differential equation given in (2.33) is written as follows

P(t) = exp[−α0t −R(t)+R(0)]P(0)+

Z t

0
dt ′exp[−α0(t − t ′)]P(t, t ′), (2.37)

P(t, t ′) = α(t ′)exp[−R(t)+R(t ′)]Ps(V +u′(t ′)) , (2.38)

with the definition R(t) =
R t

0 dt ′α2(t ′). Then, given for the shoutdown case the stationary
power Ps ≡ 0 for t > 0. As the phase averaging of the initial value term (2.37), as shown
in [22], it decays exponentially to zero, due to the stochastic wind field rise to an effectively
larger relaxation time, i.e. shutdown is slowed down to some extend. Thus, the described
solution, shown above, is simplied in the following form

P(t) =
Z t

0
dt ′exp[−α0(t − t ′)]P(t, t ′) . (2.39)

The relaxation time 1/α0 commonly is, for example, in the order of a few seconds in the
case of the response measurements of blade root bending moments to sudden changes of
the blade pitch angle system of a wind turbine [9]. The phase averaged P(t, t ′) function
depends on the time difference only, i.e. τ = t − t ′. After the phase averaging is developed,
see Ref. [22]. The following expression is obtained

〈P(t)〉 =
Z t

0
dτ exp[−α0τ]〈P(τ)〉 . (2.40)

As is seen the ensemble average of the power output depends in a nonlinear way on the
spectrum of the wind gusts and the turbine response function. Anyway, it turns out that
phase averaging with respect to the stochastic wind field can rigorously be reduced to an
one-dimensional integral containing a Gaussian distribution function.

In order to derivate from Eq. (2.40) in the weak turbulence intensity and thus to achieve
the connection of the turbine function g(t) of the response model (2.33) to the spectral
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function G( f ) defined in the ansatz (2.32) according to [17, 18]. The following expression
is obtained in a formal way, see more details in [22]

〈P(t)〉 = Ps(V )+λ2

N

∑
i=1

∆ f S( fi)+∆Pdyn = 〈Ps(V )+u′(t)〉+∆Pdyn (2.41)

where ∆Pdyn is the contribution of the mean power due to the dynamics, see [22], as com-
pared to the quasi stationary average 〈Ps(V ) + u′(t)〉 = Ps(V ) + λ2〈u′2(t)〉. If (2.41) is
compared with (2.32) the function G, of ansatz [17, 18], is obtained as

G̃( fi,V ) ≡ λ2G( f ,V ) = λ2 +∆Pdyn. (2.42)

And following with this the time averaged power output is arrived [22]

〈P(t)〉 = Ps(V )+
N

∑
i=1

∆ f S( fi)G̃( fi,V ). (2.43)

which describes the ansatz (2.32) shown by [17, 18] at the weak turbulence intensity.

Thus, in the low turbulence intensities the dynamic correction factor ∆Pdyn can be obtained
analytically within the response model (2.33). Therewith the correction for the averaged
power output (2.43) due to the turbulent winds and turbine dynamics is possible and im-
portant for the power assessment, see Ref. [9]. The numerical comparason of results given
in [17,18] with [22] shown that the response function g(t) can be obtained in a unique way
by the response model (2.33).
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Chapter 3

Data

This chapter gives briefly the description of the measurement data. To show the determin-
istic dynamical behavior of the output power process involved at the wind turbine system
during its power operation performance. The fluctuating power output generation states
and their influences by the power controller in the system are shown. In order to give a
more general view into the dynamics, the frequency characteristics of the output power
generation process, given by the spectra analysis, is shown. The output power process is
extremely influenced by complex and nonlinear oscillations responses which depend on
the mechanical - electrical wind turbine construction and by the stochastic winds. In the
analysis for the measured power curve, the power performance characteristics of a 2MW
wind turbine given by the standard IEC 16400-12 method is shown.

3.1 Tjæreborg wind turbine

The Tjæreborg wind turbine was located approximately 9Km southeast of the city of Es-
bjerg in Denmark, in the marshland between the small village, Tjæreborg and the coast-
line. The surrounding of the site belongs to the class of flat terrain, for more details see
Ref. [23, 24, 25]. In Figure 3.1 the Tjæreborg wind turbine in the site is shown.

The single wind turbine was a 2MW prototype of horizontal-axis upwind three-bladed rotor
with a diameter of 61.1m specifically designed for the purpose of experimental measure-
ments for analysis of mechanical loads and wind climate on the site.

The wind turbine is equipped with a blade pitch-regulated system. The rated power output
at 2 MW is controlled by a continuously variable blade pitch system, operating between 0
and 35 degrees in production mode. In idling or parking mode, the pitch angle is 55 degree

33
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Figure 3.1: The Tjæreborg wind turbine.

or 90 degree, respectively. In the Table 3.1 the main technical data of the wind turbine
generator system is listed, see Ref. [23, 24].

3.2 Measurement wind and power data

Since the Tjæreborg wind turbine was installed for experimental proposes, two meteoro-
logical mast of 90m height each one were installed for the measurement system. The mast
Nr.1 (M1) was placed in front and mast Nr.2 (M2) behind the wind turbine referring to the

Table 3.1: Technical data of the Tjæreborg wind turbine [23, 24].
Rated power 2MW
Nr. of blades 3
Rotor diameter 61m
Hub height 60m
Power regulation Full span pitch controll
Generator Asynchronous, slip 2%
Gear box Combined epicyclic, 1:68.4
Rotor speed 22.3 RPM
Meteorological towers Height 90m, 2 masts
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dominant wind sector. The distance between the met M1 and the wind turbine was about
120m which corresponds to two times of rotor diameter of the wind turbine. The details
about of the measurement instrumentation in the masts and in the turbine can be found in
Ref. [25]. In Figure 3.2 a) the site layout of the turbine and the M1 and M2 masts are
shown.

a)
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Figure 3.2: In a) Layout of the Tjæreborg wind turbine and the meteorology M1 and M2 masts. In

b) Wind-direction frequency of the measured data are shown [25].

Regarding that the IEC-standard, given in [26], for the allowed location in relation to the
turbine being measured, the disturbed wind-direction sectors on the site due to wake of the
wind turbine and the M2 mast on the M1 mast were in the interval of 15-119 degrees. In
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Figure 3.2 b) the frequency of the measured wind-direction, corresponding to the selected
data, is shown. Thus, from this measurements we verify that the wind speed was mainly
taken from zones were the sectors are undisturbed.

From those measurements, wind data collected from a cup-anemometer located at 60m
height of the meteorological M1 mast, and the corresponding electrical output power of
the wind turbine generator system were used for the later analysis of this work. These data
correspond of about 2.3×106 sampled data. The sampling rate of the measurement data
was 25Hz. The data are a collection of different 10min data sets (24hrs. in total) which
correspond to the years of 1991-1992. The measured mean wind turbulence intensity was
about 9%.

3.2.1 Time series analysis

As it was introduced in Chapter 2, the power performance of a wind turbine is a highly
fluctuating source of energy because their power operation system depends on the wind
speed variations and on the dynamics wind turbine characteristics (responses).

In order to get insight on the dynamics, in the time-domain, of the measured output power
data of the Tjæreborg wind turbine system. Figures 3.3 show the typical operating states
of the electrical output power (power generated) at full load and partial load that the power
operating system (power controller) determined during their power performances. In Fig-
ure 3.3 a) the fluctuating output power at the full load operating state is presented. In Figure
3.3 c) the changing of different operating state phases at full load output power process in
order to controll power were performed in time intervals of 10 minutes. In Figure 3.3 e)
the well-known output power process at partial load are shown. Figures 3.3 b) c) d) show
the corresponding wind speed respectively.

In general, the figures show that the dynamics of the output power of the Tjæreborg wind
turbine varies very highly. It can be seen that the output power fluctuations at partial load
are much higher than the full load, see Figures 3.3 a) and c). This typical behaviour is the
resulted of the power controller system operation by fixed pitch regulation, which at partial
load the wind turbine extracts the maximum power (optimal operation) from the wind and
cannot effectively damp the output power variations. Unlike at full load operation where the
fluctuating output power are better damped by active pitch regulations, see Ref. [9, 10, 23].

In Figure 3.3 b) the full load power generation with gradual switching power operations
1.51, 1.26, 1.00 and 2.00 MW phases are shown. The time period of those switching
power operations was performed at 10min. The reason of this controlled power generation
behaviour might had been due to increases of the measured wind speed conditions on the
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Figure 3.3: Fluctuating output power generation by Tjæreborg wind turbine (left) and the cor-

responding wind speed (right). In a) b) Power generation at full load operation at a wind speed
equal to 16.3 m/s. In b) c) the full load power generation operated also at 1.51, 1.26, 1.00 and 2.00

MW phases. The averall mean wind speed is equal to 17.0 m/s. The time period of those switching
operations was 10min (600s). In e) f) Power generation in partial load at a wind speed equal to

12.2 m/s.
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Figure 3.4: Power spectra SP( f ) of the output power production (+) of the Tjæreborg wind turbine
showing their eigenfrequencies. In addition the power spectra Su( f ) of the corresponding wind

speed from the M1 mast is plotted as (·) and the expected S( f ) ∝ f −5/3 power law approach shown
as (−) solid line [27].

power controller system which drived gradually to the wind turbine performance to the safe
mode operation by regulating active pitch, [23].

All those dynamical behaviours of the output power, described above, show us clearly that
the power controller of the wind turbine system is crucial in the power generation.

3.2.2 Spectral analysis

In the next, a more general view of the dynamics of the wind turbine output power pro-
duction at the frequency-domain is given by the power spectra analysis. Following the
previous analysis shown above, the Figure 3.4 shows the overall frequency characteristics
(or natural frequencies) involving to the fluctuating power output conversion process given
by the Tjæreborg wind turbine generator system and, in addition, given by the wind field.

In general, the power spectral SP( f ) distribution in frequency f space shows that without
consider their peak amplitudes, the energy distribution of the fluctuating power output de-
cays to smaller and smaller scales. This behaviour is similar to the wind spectra Su( f ) in
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the inertial range, where the energy distribution approximatly follows, after [27], to the
expected Su( f ) ∝ f−5/3 power law, for details see [28, 29].

In the frequency phases between 0.1−0.6 Hz, the energy spectra for the fluctuating power
output SP( f ) shows as a hummock a wideband amplitudes, which are due to a mechanical
tower bending oscillation (longitudinal and lateral directions) of the wind turbine. Further-
more harmonics at frequencies 0.37Hz (1P) and 0.74Hz (2P) appear due to the dynamical
blades rotation of the wind turbine.

In the range frequencies 0.65− 1.9 Hz, the energy spectra SP( f ) shows clearly the strong
convergence to the maximum frequency f = 1.12 Hz value, (3P), which represents the
effects of the rotor blades passing in front of the wind turbine tower, this is the well known
tower shadow effect1, and the blade flapwise (1Bf) effects respectively [23]. Due to its
large amplitud this is the main mechanical eigenswings characteristic in the wind turbine
oscillation analysis [9, 10, 30],

Following at the frequency f = 1.5 Hz a (4P) harmonic is shown, which was induced,
mechanically, by the gearbox transmission system [23].

In frequencies of 2.24 Hz, 3.36 Hz and 4.7 Hz, the contributions of the blade edgewise
(1Be), the shaft rotor flap (rp) and rotor edge (re) are shown respectively.

In higher frequencies f > 4.7 Hz, still appear others oscillation resonances given to the
power production process, which were induced by the drive train, yaw, tilt, rotor shaft, etc.,
and also by the electrical power system. All those higher frequencies are extremely non-
linear and complex for the power process. Some of those measured natural frequencies are
escential for the analysis of wind turbine systems, for example, in the aerolastic simulation
of wind turbines [31].

3.2.3 Standard power Curve

As introduced in Chapter 2, the standard method to characterize the expected power output
of a wind turbine is given by the ensemble averaging method (Standard IEC 61400-12),
which is based on measured 10 min mean values of the electrical output power and the
wind speed at the hub heigh as reference [26]. From those measured mean values the
expected power production of the wind turbine is calculated by the functional relationship
of the averaged power output and averaged wind speed, as shown above in (2.26).

In Figure 3.5 we show the standard power curve resconstruction for the 2MW Tjæreborg
wind turbine generator system and their corresponding uncertainties, which were obtained

1 The tower shadow effect is just a vortex tower interaction produced by blocking of the air flow by the
tower results in regions of reduced wind speed both upwind and downwind of the tower.



40 DATA

Figure 3.5: Measurements of electrical power output and wind data (grey-lines) from a 2MW wind
turbine [25]. The open-triangles (-4-) are mean values of 10 min data as recommended in [26].

Uncertainty of the estimations are plotted as bars. The sampling rate of the data was 25Hz.

by their measured 10 minutes mean values. Due to the short overall time length still big
scatter are found. Additionally, in Figure 3.6, we show the mean power output of wind
speed bins of 0.5m/s calculated directly from the given data sets to show the nonlinear
effects of the standard averaging method.

The technical details concerning to the power performance testing procedure under their
special conditions is found in the standard IEC 61400-12, see Ref. [26]. We want to remark
that this procedure does not take into account the overall dynamics behaviour of the wind
turbine power performance to turbulent wind fields.
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Figure 3.6: Typical nonlinearity effects on measured power output data of a 2MW wind tur-

bine [25]. A complex behaviour is observed by the dynamics response on sudden changes of wind
velocity. The dots are instantaneous measured data and the solid line is the mean power output

obtained for wind speed bins of 0.5m/s directly from the data sets. The sampling rate of the data
was 25Hz.

3.3 Meerhof wind data

In addition to the Tjæreborg data we also use measured wind data of a metmast of 100m
heights located in front of a wind farm in the complex area of Meerhof close to Paderborn,
Germany. The site is characterized by complex farms land and forest in the hills, especially
at the east side of the measurements mast. The purpose of the measurements was for
investigations on the energy output of wind turbines and wind turbulence, for details see
Ref. [35]. In Figure 3.7 the location of the metmast is depicted.

The data were collected from an ultrasonic anemometer with sampling frequency of 50Hz
located to the hub height of 98m. The measured mean wind turbulence intensity of the
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Mast •

Figure 3.7: Location of the measurement mast in the complex area of Meerhof, close to Paderbon,

in Germany.

wind data was about 14%. All data sets consist of more than ×106 samples.



Chapter 4

Markovian Power Curves for Wind Tur-
bines

( This chapter has been submitted for publication to Wind Energy Journal as:
Anahua E, Barth St, Peinke J.: Markovian Power Curves for Wind Turbines )

This Chapter shows a novel method to characterize the wind turbines power performance
directly from the high frequency fluctuating measurements. In particular we show how to
evaluate the dynamic response of the wind turbine system on fluctuating wind speed in the
range of seconds. The method is based on the stochastic differential equations known as
the Langevin equations of diffusive Markov processes. Thus, the fluctuating wind turbine
power output is decomposed into two functions: i) the relaxation, which describes the
deterministic dynamic response of the wind turbine to its desired operation state; and ii)
the stochastic force (noise), which is an intrinsic feature of the system of wind power
conversion.

As a main result we show that independently of the turbulence intensity of the wind the
characteristic of the wind turbine power performance is properly reconstructed. This char-
acteristic is given by their fixed points (steady-states) from the deterministic dynamic relax-
ation conditioned for given wind speed values. The method to estimate these coefficients
directly from the data is presented and applied to numerical model data, as well as, to real
world measured power output data.

The method is universal and not only more accurate than the current standard procedure
of ensemble averaging (IEC-61400-12) but it also allows a faster and robust estimation of
wind turbine’s power curves.

43
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4.1 Introduction

Among the great increase of the wind energy generation within the electricity grid the pre-
cise knowledge of the wind turbine power performance characteristics on turbulent winds
is of primary importance in the economical planning of wind farms as well as in the de-
ployment of other power stations on the network.

It is now well known that for the estimation of the annual energy production of wind
turbines the relationship of standard averages of 10min measurements of wind speed at
hub height and the electrical power output: 〈u〉 → 〈P(u)〉, where 〈·〉 denotes the 10min
ensemble-averages, as recommended in [9,26,32,33], does not describe precisely the power
output characteristic. This is true because the high wind fluctuations are not dealt correctly
by this procedure. It is well known that the standard averaging procedure depends on the
terrain type of the test site. Note it is the terrain which strongly affects by the turbulent
wind fields. Typical uncertainties of this procedure show levels of the order of 10%−20%
in their estimations [36, 38].

One important difficulty is caused by nonlinearities, like P ∝ u3, which already yields the
following inequality P(〈u〉) 6= 〈P(u)〉. Many authors propose additional linear and nonlin-
ear methods to account those effects. For example the principal component analysis, that
constitute the main tool for simplifying of secondary variables, or the class of artificial neu-
ronal network has been proposed in [37,39,40,41,42]. To account the turbulence intensity
of wind into time scales of 10min, [19] proposed the Taylor expansion for the averaged
power output, see also Ref. [20, 21]. In spite of the progress achieved by those refined
methods, there remain several challenges for a more advanced and detailed description. In
particular aspects like the wind turbulence independent characteristics in the specific test
site, the fast measurement period for the power performance assessment and the separation
of wind and wind turbine’s power output production has to be solved.

In this article we focus on a new method based on stochastic analysis of time series [48,49,
58]. This method allows estimating drift and diffusion coefficients of nonlinear complex
systems directly from the data sets. Some applications of the method have been widely
validated in fields as traffic flows [57], noise analysis [64,70], noise driven chaotic electric
circuits [49, 58], turbulence flows [52], heart-rate dynamics [63], finance data [50, 60] and
surface roughness [62]. Some first applications of this method for wind energy application
has been presented in [67, 69, 70]. Our goal is to propose a novel method to characterize
the wind turbine’s power performance by the fixed points of the deterministic dynamics of
the power output relaxation.

This paper is organized as follows. In Section 2 we illustrate the dynamics of a wind tur-
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bine’s electrical power output from measurement data. The standard analysis for the power
performance is shown. We describe a simple stochastic model for the dynamics of the
power output in Section 3. Also the numerical calculation of power data using a designed
model together with empirical high frequency wind speed data is shown. In section 4 the
procedure to reconstruct the Langevin equation from numerical and experimental data is
described. In section 5 we show the method of the potential to reconstruct new power
performance characteristics by the fixed points of the response dynamics. Conclusion and
some open discussion are reported in section 6.

4.2 Wind and wind power data

The following analysis of the power output dynamics is based on measured data of about
2.3×106 samples of wind speed at 60m hub height and electrical power output of a single
2MW wind turbine. These data are a collection of different 10min data sets (24hrs. in
total). The mean wind turbulence intensity was about 9%. The wind data were collected
from a cup-anemometer with a sampling rate of 25Hz. The wind turbine was a horizontal-
axis upwind three-bladed rotor with a diameter rotor of 61.1m. The used meteorological
mast was located in a distance of 120m from the wind turbine according to [26] and was
placed in the main direction of the wind. The test site was located in the flat terrain of
Tjæreborg, Denmark. The results are based on the free available data obtained from the
data base of Tjæreborg wind turbine, see Ref. [23, 25].

In Figure 4.1 the measured power output as function of wind speed has been plotted to
show the real dynamics of the wind turbine power output. Furthermore the standard power
performance characteristics and their uncertainties have been obtained for the 10min mean
values (open-triangle) as suggested in [26]. Due to the short overall time length still big
scatter are found. Additionally, we show the mean power output of wind speed bins of
0.5m/s calculated directly from the given data sets to show the nonlinear effects of the
averaging method.

In addition to the Tjæreborg data we also use measured wind data from another location,
namely, the more complex area of Meerhof in Germany, see Ref. [35]. The data were
collected from an ultrasonic anemometer with sampling frequency of 50Hz located to the
hub height of 98m. The mean wind turbulence intensity was about 14%. All data sets
consist of more than ×106 samples.



46 MARKOVIAN POWER CURVES FOR WIND TURBINES

Figure 4.1: Measurements of electrical power output and wind data (grey-lines) from a 2MW wind
turbine [25]. The sampling rate of the data was 25Hz. The open-circles (-◦-) present the mean

power output obtained for wind speed bins of 0.5m/s directly from the data sets. The open-triangles
(-4-) are mean values of 10 min data as recommended in [26]. Uncertainty of the estimations are

plotted as bars.

4.3 Simple relaxation model for the power output

In order to introduce our understanding of the dynamical electrical power output of a wind
turbine converter we start with a simple stochastic model.

Firstly, to describe the dynamics, we focus only on the fluctuating electrical power output
of the wind turbine P = P(t) at time t. Thus we introduce the following general notation

P(t) = Ps(u)+ p(t) , (4.1)

where Ps(u) denotes the steady state of the power output P(t) as function of the wind speed.
Note that also the wind speed is time dependent, u = u(t), but for each instant there exists
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Figure 4.2: Illustration of the dynamical power output as function of wind speed for several differ-

ent sample paths (fine-lines) with typically 4sec duration taken from the data shown in Figure 4.1.
In addition the steady power curve, Ps(u) (thick-line) is shown.

an ideal steady state power value Ps. In Figure 4.2 we show several short paths of the
dynamical measured power output on different states of the steady power curve Ps(u). The
variable p(t) denotes the noisy contribution.

Based on the time series (Figure 4.2) we propose a simple linear response model −α ·
[P(t)−Ps(u)], which is perturbed by a noise term

√

β ·Γ(t). Thus the following Langevin
equation (for details see [5, 46])

d
dt

P(t) = −α · [P(t)−Ps(u)]+
√

β ·Γ(t) (4.2)

is proposed. The noise free solution is P(t) ∝ e−αt .

In the stochastic wind turbine power output modeling the term −α · [P(t)−Ps(u)] describes
the simplest deterministic relaxation of the instantaneous P(t), which decays and grows
exponentially on sudden changes of the wind speed to the steady state Ps(u). The relaxation
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Figure 4.3: a) Schematic illustration of the relaxation for the fluctuating power output P(t) of a
wind turbine at the fixed point Ps(u). b) Attracted dynamics of the power to Ps(u).

factor α, is just constant in this approach but might be extended to a more advanced function
of wind speed, i.e. α(u,P), as proposed in [22].

In Figure 4.3 the relaxation dynamics of the power output to a perturbation is shown
schematically. The second important ingredient of our model is the noise term

√

β ·Γ(t).
Comparing Figure 4.3 and Figure 4.2 the necessity of the additional noise term becomes
evident. The magnitude of this noise term is given by

√

β and furthemore we assume that
Γ(t) is δ-correlated Gaussian distributed white noise in time: 〈Γ(t)〉= 0 and 〈Γ(t)Γ(t ′)〉 =

2δ(t − t ′). In our ansatz
√

β ·Γ(t) grasps all the dynamical noise contributions in the dy-
namical power conversion process. In particular it grasps the turbulent wind and possible
noise effects like those caused by stall effects, pitch-angle controlling, yaw-angle devia-
tions, power-grid instability, etc.. From Eq. (4.2) we see that the noise is damped dynami-
cally by the damping factor α.

The Langevin equation (4.2) with this characteristics is called an Ornstein-Uhlenbeck pro-
cess and is a simple case of a Langevin equation. The process is homogeneous, stationary
with linear relaxation, [5, 46].

After we have defined the power conversion dynamics, one has to specify the wind speed
u(t) and the ideal power curve Ps(u). Here we simply take for wind speed measurements
at the hub high of the turbine [26]. The power output P(u) values are calculated through of
the following steady power curve function Ps

Ps(u) =

{

a ·u3 , if u < ur

Pr , if u ≥ ur
(4.3)

where a is a constant, ur is the rated wind speed on the nominal power output Pr [70].
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Figure 4.4: Numerical power output data (grey-lines) obtained from the model (4.2) with param-

eters αn = 0.02 and
√

β = 0.021. The data of the plots are obtained from the measured wind data
taken in the flat terrain of Tjæreborg site [25]. The sampling rate of the data were 25Hz. The theo-

retical power curve Ps (Eq. (4.3)) is shown as black-line and the reconstruction of the power curve
by the standard method [26] is shown as open-symbols (-4-).

The numerical solutions of Eq. (4.2) are solved by integrating recursively in equidistant
small finite time steps, dt = τ. Thus the resultant stochastic variable Pn = P(tn) for times
tn = τ n (n = 0,1,2, ...,N−1) of the stochastic wind speed variable un = u(tn) are obtained
by

P(t + τ) = P(t)−α · [P(t)−Ps(u(t))] τ+
√

β · τ ·w(t) . (4.4)

The initial value at t = 0 is P(0) = P0. w(t) denotes an independent Gaussian-distributed
random variable of the Wiener process with zero mean and variance 2, see [46, 47].

Next, we solve this model by using the above mentioned measured wind data with different
degrees of turbulence. The input relaxation factor has been normalized to the sampling rate
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Figure 4.5: Numerical power output data (grey-lines) obtained from the model (4.2) with param-

eters αn = 0.01 in and
√

β = 0.021. The data of the plots are obtained from the measured wind
data taken in the complex terrain of Meerhof [35]. The sampling rate of the data were 50Hz. The

theoretical power curve Ps (Eq. (4.3)) is shown as black-line and the reconstruction of the power
curve by the standard method [26] is shown as open-symbols (-4-).

of the data. Based on the result presented later on in this paper we choose as realistic values
for wind turbines: α(1)

n = 0.02 and α(2)
n = 0.01 for the two measured data. The finite time

steps of the integration of (4.4) was τ(1) = 4×10−2 for Tjæreborg data and τ(2) = 2×10−2

for the Meerhof data. The noise amplitude is set to
√

β = 0.021.

In Figures 4.4 and 4.5 numerical power output data obtained from the model (4.2) cor-
responding to these measured wind data are plotted. The difference in the amplitude of
the stochastic power output P(t) can be seen clearly. This is due to different turbulence
intensity of the wind at the two different locations. Furthermore we show their standard
averaged power curves [26]. Especially for smaller wind velocities, between 5− 10m/s,
we clearly see significant differences in these mean values, which are due to different wind
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situations, whereas the power conversion dynamics remains unchanged. This corresponds
to the typical specific location dependence of the performance of a wind turbine.

4.4 Stochastic analysis

We consider the stochastic power output as dynamical Markov process like those intro-
duced in Eq. (4.2). The condition of the Markov property demands that the dynamics of
the process has no memory. This is described in terms of its conditional probability density
function (pdf)

W (Pn, tn|Pn−1, tn−1;Pn−2, tn−2; ...;P1, t1) = W (Pn, tn|Pn−1, tn−1) . (4.5)

This definition is the characteristic property of a Markov process. The left-hand side de-
scribes the pdf at time scale tn under the condition that the stochastic variable at the time
tn−1 < tn was in the state Pn−1; at the time tn−2 < tn−1 was in the state Pn−2; and so on. Thus,
for Markov processes the conditional pdf depends only on the previous value Pn−1 at the
time tn−1, see also [52]. The time evolution of W (P, t|P′, t ′) which is of interest, is governed
by the Master equation and can be expressed by the Kramers Moyal expansion [46, 5]

∂
∂t

W (P, t|P′, t ′) =
∞

∑
n=1

(

− ∂
∂P

)n

D(n)(P, t)W(P, t|P′, t ′), (4.6)

where D(n) are the Kramers-Moyal coefficients defined by

D(n)(P) = lim
τ→0

1
τ

M(n)(P,τ) , where, (4.7)

M(n)(P,τ) =
Z +∞

−∞
(P̃(t + τ)−P(t))n×W (P̃, t + τ|P, t)dP̃

=
〈

(P̃(t + τ)−P(t))n〉 |P(t)=P . (4.8)

where 〈·〉 denotes the ensemble averages. The condition |P(t)=P means that at time t the
stochastic variable P(t) is at the state P. The moments M(n) characterize the probabilities
of P̃ conditioned on P and t: W (P̃, t + τ|P, t) over a finite time scale τ = t − t ′ > 0, see Eq.
(4.5).

Next, the question arises whether the noise included in the process is Gaussian distributed.
In the case of Markov processes with vanishing D(4), according to the Pawula’s theorem
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[46], the coefficients D(n) = 0,∀n ≥ 3. In this case Gaussian noise is present in the process.
Thus, Eq. (4.6) reduces to the Fokker-Planck equation [5, 46] and leads by intengrating

W (P, t) =

Z

W (P, t|P′, t ′)W (P′, t ′)dP′

to the following expression of

∂
∂t

W (P, t) = − ∂
∂P

D(1)(P, t)W(P, t)+
1
2

∂2

∂2P
D(2)(P, t)W(P, t) . (4.9)

The Fokker-Planck equation corresponds to the generalized stochastic Langevin equation
defined (in the Itô definition, see Appendix A) by

d
dt

P(t) = D(1)(P)+

√

D(2)(P) ·Γ(t) . (4.10)

The terms D(1)(P) and D(2)(P) are called the drift and diffusion coefficients and they de-
scribe the deterministic relaxation and stochastic (noise) temporal evolution respectively.

The term
√

D(2)(P), as above shown
√

β, describes the amplitude of the dynamical noise,
containing multiplicative noise if it depends on P otherwise additive noise. Γ(t) as defined
above is an independent δ-correlated Gaussian distributed white noise with zero-mean.

The definition of drift and diffusion coefficients, Eqs. (4.7,4.8), allows their estimations
directly from given data via the conditional moments M(n), for further details see Ref.
[48,49,51,54]. However the sampling rate of the measurements might be rather low in this
case the conditional moments are better approximated by a Taylor series expansion, [47,53]

M(n)(P,τ) = τ D(n)(P)+O(τ2) . (4.11)

The coefficients D(1) and D(2) are equal to M(1) and M(2) taken in the limit τ→ 0. This limit
is determined calculating linearly M(1) and M(2) over several scales τ where the Markov
property would be validated. The Kramers-Moyal coefficients are just the slopes of the
conditional moments as function of τ. In the case that the process is not Markov we note
that the deterministic drift coefficient D(1) can be determined correctly, see Ref. [59]. Alter-
natively, advanced estimation methods of these coefficients can performed by minimizing
of the Kullback-Leibler distances on pdfs as proposed by [65]. For the nontrivial evalua-
tion of measurement noise contained in the process it is possible to distinguish it from the
dynamical noise by just pure analysis on the conditional moments, see Ref. [58,64,70]. We
note also that the analysis of the Langevin equation can easily be generalized to a larger
dimensional case [46], where for example the power output and the wind speed vectors:
(P(t),u(t)) are take as two independent dynamical variables.
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Figure 4.6: Illustration of the estimation procedure of D(1)(P) in u = 6.53m/s for the numerical
model (a) and measurement (b) data. The time-scales are given in units of 2×10−2s and 4×10−2s

respectively. The coefficient D(1) is estimated in the range of 1 ≤ τ ≤ 10 for numerical data and
3 ≤ τ ≤ 8 for the measured data. Parametrization is shown as solid-line.

4.4.1 Estimation of the Kramers-Moyal coefficients

Prior to the analysis we will normalize P(t) defined in (4.1) by its nominal (rated) power
output Pr. Thus, P(t) as well as M(n) and D(n) are dimensionless. We consider stationarity
in the interval: ui j ∈ (ua,ub), where ui j is the jth stochastic wind speed in the ith interval.
The corresponding Pi j is equally partitioned into 100 intervals: P ∈ (Pc,Pd). For instance
assuming wind speed bins of 0.5m/s with ranges between 0-50m/s the matrix for (u,P) is
100×100. Thus for about 106 data samples we expect 100 values in average in each bin.

As first step in the analysis the conditional moments M(n)(P,τ) are estimated by the en-
semble averages defined in (4.8). The Kramers-Moyal coefficients D(n)(P) are found by
limτ→0 M(n)(P,τ) as it is defined in (4.11). Next, for fixed values of P a straight line is fitted
to the sequence of M(n)(P,τ) on τ and extrapolated against τ = 0, as shown for numerical
and real data in Figure 4.6.

The uncertainty of the coefficients were performed empirically via their variance σ2
M,P,

which depends on the number of statistical events contributing to each estimation. Assum-
ing that each bin of P containing N events has an intrinsic uncertainty

sM,P =
σM,P√

N
(4.12)

where, σM,P =
√

〈[Pτ(t)−〈Pτ(t)〉]2〉.

Where Pτ(t) is just the vector (P(t + τ)−P(t))|P(t)=P of eq. (4.8).

Next, the critical point in the coefficients estimation, one has to find the range of τ where
the linear approach of Eq. (4.11) is valid. In particular one has to find the range of τ values
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Figure 4.7: Estimating drift coefficients for u = 7.7± 0.25 of the numerical data. D(1)(P) (open-
circles) showing a linear approach with slope ≈ −0.01. The reconstruction of D(1) ' D(1)

th , where

D(1)
th is the theoretical relaxation α value given in the process.

where the process follows the Markov properties, a task which provides further interesting
features of the data like the Markov-Einstein length [54,55,56]. Here we simply search for
a range (see Figure 4.6 b)) where a linear dependence of M(n)(P) is found.

It is clear that in all the time-scales τ, the Markov property is not universally fulfilled but
commonly there exists a lower threshold. We estimate the coefficients D(n)(P) in the range
of 1 ≤ τ ≤ 10 for the numerical data and 3 ≤ τ ≤ 8 for the measurement data.

With this procedure the coefficients D(1), D(2) and additionally D(4)(P), were evaluated.

In Figure 4.7 we have plotted the estimating drift coefficients D(1)(P) of the numerical data
for a wind speed u = 7.7±0.25m/s. We show in this case that D(1)(P) is a linear function in
P with a slope of ≈ 0.01, which is in accordance with the chosen α values for our numerical
model above.
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4.5 Markovian power curve: reconstruction

Based on the described procedure to reconstruct from a given data the underlying Langevin
Eq. (4.10) we next discuss the determination of the idealized power characterization. The
central point is that we search the fixed point of the power conversion dynamics. Fixed
points are given by D(1)(P) := 0. The stability of the fixed point is determined by the slope
of D(1)(P) at P = Pf ix, i.e. if the slope is negative the fixed point is attractive. An alternative
way is the use of the potential ΦD(P), where the fixed point is just the minimum value of
the potential ΦD(P)

Pf ix(u) = min(ΦD(P)) , with (4.13)

ΦD(P) = −
Z P

D(1)(P′)dP′ .

This procedure is very useful not only to identify attractive Pf ix(u) but also to identify
unstable states where also D(1)(P) := 0, (e.g. [48, 57]).

In Figure 4.8 the potential ΦD(P) of the numerical data is shown together with the mini-
mum Pf ix(u). The estimated Pf ix(u) = 0.19± 0.01 agrees quite well with the theoretical
expected value Ps(u) = 0.18.

In Figure 4.9 we have plotted Pf ix(u) in the local field of the power curve for the numerical
data shown in Figure 4.4 and 4.5. For each wind speed u-bin we performed the D(1)(P)

reconstruction to determine the fixed point Pf ix(u), see Appendix B. Furthermore we com-
pare Pf ix(u) and the standard reconstruction (open-triangles). In Figure 4.9 c) d) magnifi-
cation parts of Figure 4.9 a) b) are shown respectively. We clearly see that in contrast to the
averaged values (open-symbols) our reconstruction (estimation) fixed points agrees well
with the given dynamics of the wind power conversion, here given by Eq. (4.3). Note, that
our method is not affected by different noise term, given here by different turbulent wind
fields.

Next, in the case of measured power output data (Tjæreborg), we have plotted in Figure
4.10 and Figure 4.11 the estimated D(1), ΦD(P), D(2) and D(4)(P) for two selected wind
speeds.

In the case of u = 13.6± 0.25m/s the drift term D(1)(P) shows a clear nonlinear behavior,
see Figure 4.10 a) . The corresponding potential ΦD(P), plotted in Figure 4.10 c), shows
its absolute minimum value at Pf ix(u) = 0.99± 0.03 besides others minima at 0.73 and
0.63, which governed the dynamical equilibrium of P. The standard 10min average was
0.85±0.04.
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Figure 4.8: Potential ΦD(P) analysis for finding the fixed point Pf ix. The estimated fixed point
of Fig 4.7 is Pf ix(u) = 0.19± 0.01 and the theoretical Ps(u) = 0.18. The corresponding standard

10min mean value of the power characteristic is 0.22±0.01.

In Figure 4.11 a) the dynamical noise term D(2)(P) shows also a higher order behavior
with less pronounced minima at the Pf ix(u) values. In the same plot D(4)(P) is presented
to be very small compared to D(2)(P) from what we conclude that the Langevin approach
is valid.

In the case of u = 20.2± 0.25m/s the relaxation D(1)(P) shows approximately a linear
behavior similar to the model, see Figure 4.10 b). In Figure 4.10 d) ΦD(P) presents the
clear minimum value at Pf ix(u) = 1.01±1.4×10−3.

In Figure 4.11 b) the dynamical noise term D(2)(P) shows a quadratic form. The noise
amplitude in this case is larger than in the first case Figure 4.11 a). In the same plot D(4)(P)

is again small compared to D(2)(P).

The different power conversion dynamics just found for u ∼ 14m/s and ∼ 20m/s can be
attributed to special effects of the power characteristics. Looking at Figure 4.12, we see u =
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Figure 4.9: Reconstruction of power curves in the local field for the numerical data, see Figure
4.4 and 4.5. The attractive Pf ix(u), are the black-points (•) and Ps(u) the theoretical power curve

as black-line. In a) b) Pf ix(u) is compared to the standard reconstruction of power curves shown
as open-triangle (-4-). In c) d) Zoom-in of the regions marked in a) b) are shown respectively.

Uncertainty estimations are plotted as bars.
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Figure 4.10: Estimated drift and potential coefficients for u = 13.6 ± 0.25m/s and u = 20.2 ±
0.25m/s of the measured data (Tjæreborg). In a) b) drift coefficients D(1)(P) shown as open-circles
(◦); in c) d) Potentials Φ(1)

D (P). Parametrizations of the pointwise values are shown as lines. Un-

certainty is shown as bars.
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14m/s is close to the transition states of the rated power. Here typically control dynamics
is crucial. As a consequence of the multiple fixed points (see Figure 4.10 a)), we found on
the corresponding probability density of the power output W (P,u = 13.6m/s) a distribution
with several local maxima. Note by the knowledge of D(1) and D(2) there is an analytical
solution for the stationary case of Eq. (4.9), see also Ref. [46]. This solutions is given by
a solid line in Figure 4.11 c) and d). Comparing this to the state of u = 20.2m/s, we see
that the control dynamics is less complex, causing a narrower probability density W (P,u =

20m/s), as can be seen in Figure 4.11 d).

Next, in Figure 4.12 we have plotted the fixed values of the power production dynamics,
Pf ix(u), which we obtained for the selected velocity bins with the method just mentioned.
Additionally the dynamical relaxation to these fixed points can be obtained from values of
D(1)(P). In Figure 4.12 a) and b) this relaxation is shown as arrows pointing to the fixed
points. The size of the arrow is scaled with the value of D(1)(P), thus indicating the speed
of the relaxation. The result shows clearly how the relaxation slows down in the vicinity of
the fixed points. The comparison of the reconstructed fixed points with the standard power
characteristic (open-triangles), see Figure 4.13, indicates clearly the progress achieved by
the method proposed here.

In Figure 4.12 b) a magnification of a selected part of the dynamic power characteristic
is shown. Most interestingly we find here a complex behavior given by a multi stability
of the system, as it was indicated perviously by the potential, see Figure 4.10 b). In our
interpretation such multi stability may arise from shifting of gears or the generator.
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Figure 4.11: In a) b) diffusion coefficients D(2)(P), see Figure 4.10 shown as open-circles (◦), and

additionally the coefficients D(4)(P) shown as squares. In c) d) Comparation of the stationary nu-
merical solution of the Fokker-Planck-Equation (solid line), given by Eq. (4.9), with the probability

density functions W (P) of the measured power output data (open-circles). Parametrizations of the
pointwise values in a) b) are shown as lines. Uncertainty is shown as bars.
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Figure 4.12: Reconstruction of the power characteristic in the local field for the measured power
output data of the Tjæreborg wind turbine, see also Figure 4.1. In a) the dynamics of the power

conversion, given by D(1)(P), is shown as arrows together with the attractive Pf ix(u) (•). In b)
Zoom in of part a) showing several local attractive Pf ix(u) in the range of 12m/s< u <19m/s.
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Figure 4.13: Reconstruction of the power characteristic in the local field for the measured power

output data of the Tjæreborg wind turbine. The power characteristics obtained by the standard
procedure is shown as (-4-) [26] and the new procedure presented in this paper is shown as (•).

4.6 Discussion and conclusion

The stochastic power output of a wind turbine has been described by the Langevin equa-
tion, which enables to describe relaxation effects as well as the influence of noisy driving
forces. Based on this ansatz a new concept of a power characteristic of a wind turbine
could be proposed. Instead of the evaluation of some time averaged mean performance,
we propose to define the power characteristic as the power production, which is obtained,
if no fluctuating wind condition is given. This ideal power production corresponds to the
so-called dynamical fixed points. To introduce our new approach and to verify our methods
a simple stochastic model for the power conversion of high frequency wind data has been
shown. Two time series of wind data from locations with different complexity have been
used. The procedure to estimate the Kramers-Moyal coefficients of the Langevin equa-
tion from such data has been presented. In both cases the reconstruction of the new power
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curves from numerical data has been qualitatively shown by the fixed point analysis. The
concept to extract those fixed points from the potential of the deterministic drift coefficient
(relaxation part) has been proposed alternatively.

Besides the artificial model data we have investigated also measured data of the Tjæreborg
wind turbine. The Kramers-Moyal coefficients of the power output, see Figs. 4.10 and
4.11, have been reconstructed. In the particular case of wind speed of 13.6m/s (close to the
rated power) the relaxation function shows a more complex behavior than the one of wind
speed of 20.2m/s. In the potential analysis we have found several fixed points between
ranges of 12m/s < u < 19m/s which revealed the complex control dynamics of the wind
turbine system for optimal operating states (maximal power extraction) on changes of the
wind speed, see also Figure 4.12 [9, 10].

These features of the wind power conversion of this wind turbine can not be seen by the
standard reconstruction [26], especially if one is interested in the behavior of the turbine
close to the kink range of the power curve, see Figure 4.4, 4.5. Furthermore we could
show that already data from about one days suffices to get quite precise information of the
power conversion, whereas the information of the mean values, used for the standard power
characteristic evaluation, are still very unprecise.

To finalize, we point out that the presented novel Markovian method characterize more
accurately the wind turbine power performance independent of site specific parameters
as the turbulence intensity. The presented procedure is faster in measurement time than
the current procedure, because the stochastic analysis is able to deal properly with high
frequency fluctuating data. In the case of errors in the measurement data commonly denotes
as outliers, the proposed procedure is more robust and more accurate. Furthermore large
dynamical noise or transient states in the process yield constructive information for the
reconstruction of the system dynamics and does not automatically prevent the estimation
of the fixed points, Ref. [66].
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Chapter 5

Phenomenological Response Theory to
Predict Power Output

The investigations of this Chapter follow closely the phenomenological response theory for
the average power output of wind turbines on turbulent winds as proposed in [22, 43]. In
this approach the effects of the longitudinal wind speed fluctuations on the power output
through a delayed response by the wind turbine are considered. To describe an empirical
stationary wind-turbine power curve directly from measurement the extreme principle was
proposed by Rauh et al. in [43]. This method is similar but not identical to the attractor
principle, as previously shown, in Chapter 4, by the Markovian power curve anaylsis.

As example, we will show in sections 5.4-5.6 the relaxation in the special case of constant
power in order to derive the delayed response from measurement data.

In the following sections 5.1-5.3 are quoted from [43].

5.1 Introduction

This contribution is on power prediction of wind energy converters (WEC) with emphasis
on the effect of the delayed response of the WEC to fluctuating winds. Let us consider the
wind speed - power diagram, Figure 5.1 a), with a typical power curve of a 2 MW turbine.

Suppose at time t0 the system is at some working point {u0, P0} outside the power curve
with a wind speed u0 which keeps constant for a long time. Then, for t > t0, the system
will move towards the power curve, either from above or from below. The power curve
acts as an attractor [67]. What happens in a fluctuating wind field? Let us follow a short
time series in the wind-speed power diagram, see Figure 5.1 b). We start at some time t0

65
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{u0,P0}

Figure 5.1: a): Schematic power curve as an attractor. b): 20-second (u,P) trajectory in relation
to the power curve. Horizontal and vertical units are m/s and kW, respectively [67].

with a wind speed u(t0) and a power output P(t0). At the next time step, one observes a
jump to the point {u(t1), P(t1)}, then to the point {u(t2), P(t2)}, and so on. In plot 5.1 b),
consecutive points are connected by straight lines to form a trajectory. In the ideal case of
an instantaneous response of the turbine, and in the absence of noise, all points would lie
on the power curve. Actually, the turbine reacts with a delayed response to the wind speed
fluctuations. The timely changes of the wind speed, u̇, together with a finite response time
hamper accurate power prediction by means of the power curve alone. The application of a
suitable reponse theory may help to properly include the influence of turbulent wind in the
power assessment. In Figure 5.2 we show a typical point cluster which is broadly spread
around the power curve.

In the following we will discuss in some detail the main idea of a previously published
phenomenological response theory [22]. We also will propose an extremal principle to
establish an empirical power curve from measurement data [25]. The method is similar
but not identical to the attractor principle applied elsewhere [67]. In addition we present
an elementary theorem on power prediction in the case of a constant relaxation time of the
WEC.

5.2 Power curve from measurement data

An inspection of the point cluster in Figure 5.2 suggests to define an empirical power curve
by the location where, in a given speed bin, the maximal density of points P(ti) is found.
This extremal property is expected, if the power curve is an attractor. In previous work [67],
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Figure 5.2: Cluster of 104 one Hz points (2 MW turbine at Tjæreborg)

the following expectation values were considered ∆ jk := < P(ti+1)−P(ti) >u j,Pk with the
suffix u j,Pk denoting the restriction to the speed and power bin, u j and Pk, respectively.
For a given speed bin u j, the corresponding point on the power curve was defined by the
power bin Pk( j) where ∆ jk( j) changes sign. In practice this may cause a problem, if for a
given speed bin there are several locations with sign change. The maximum principle, on
the other hand, should give a unique result after properly defining the bin sizes:

k( j) : Nk := ∑
i

P(ti)|Pk,u j ; Nk( j) ≥ Nk. (5.1)

In words: For a given speed bin j, one determines the number Nk of events in the k-th power
bin. The power bin k( j) with the maximal number of events gives the point {u j,Pk( j)} of
the power curve.

With Nk being the number of events in the k-th power bin, with speed u j fixed, the statistical
error is of the order

√
Nk. After adding these uncertainties to the measured ones Ñk :=

Nk ±
√

Nk, the intervals Ñk , possibly, can no longer discriminate between different bins k.
In this case one has to increase the bin width and thus the number of events in the bins. The
widths of the bins then indicates the likely uncertainty of the curve.

The empirical power curve Ps(u) as shown in Figure 5.1 and 5.2 was extracted, by means of
the maximum principle, from data of the 2MW turbine at Tjæreborg which were sampled
at a rate of 25 Hz over about 24 hours [25]. The data were averaged over 1 second which
resulted in 87000 points {u(ti), P(ti)}. 520 1-second data points with negative power output
and 137 cases with negative wind speed were set to zero, respectively. The width of the
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speed bins was 1 m/s, with values chosen in the midle of the intervals at 3,5, 4.5, 5.5, . . .

The width of the power bins was variable, in the range from 10 kW to 50kW, depending
on the number of events. The cut-in and cut-out speeds were chosen at 5.5 m/s and 31.5
m/s, respectively, where the latter value was the largest power value of the data set. In
the interval 5.5 ≤ u ≤ 13.5 the points were fitted by a cubic polynomial. In the interval
13.5 ≤ u, the power was set constant.
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Figure 5.3: Averages of Fig.2 over 10 minutes without exclusion of shutdown events. Upper and

lower curve depict our empirical and the Tjæreborg [25] power curve, respectively.

Which average power output is predicted by our empirical power curve? To this end, we
adopt the standard method by first averaging the data points over 10-minutes. In Figure 5.3
such averaged points are plotted corresponding to Figure 5.2; as should be noticed, Figure
5.2 depicts the points of a part interval only of length 2.8 hours. Next we estimate the power
output in two different ways. First the 10-minute speeds ūi are inserted into the empirical
power curve function:

< P >s=
1

N1

N1

∑
i=1

Ps(ūi); N1 = N/600. (5.2)

Pictorially, this amounts to shifting the points of Figure 5.3 vertically onto the power curve.
This average is compared with the true average of the measured 1-second powers P(ti), or
equivalently the average of the 10-minute values P̄i ( N1 = N/600 be an integer):

< P >exp=
1
N

N

∑
i=1

P(ti) =
1

N1

N1

∑
i=1

P̄i. (5.3)

An inspection of Figure 5.3 indicates that Ps significantly overestimates the power output
< P >exp, in particular since in the region of the plateau most data points have to be shifted
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by a relatively large distance from below onto the power curve. As a matter of fact, due
to safety reasons, power output is kept limited near the rated power. Also in the large
time interval of 24 hours our power curve average overestimates < P >exp, by 17%. In
comparison with this, the Tjæreborg power curve, available in the world wide web [25],
overestimates the same 24-hours data by about 8%.

One reason for this difference may lie in the fact that our 24h data base for establishing the
power curve is rather small. However, in both cases neglection of the finite response time
causes systematic errors.

5.3 Relaxation model

In order to include the delayed reponse of the WEC to power prediction, we recently pro-
posed the following relaxation model [22]:

d
dt

P(t) = r(t) [Ps(u(t))−P(t)]; r(t) > 0, (5.4)

where Ps denotes the power curve and u(t), P(t) the instantaneous wind speed and power,
respectively. Because the relaxation function r(t) is positive, the above model exhibits
the attraction property of the power curve. In principle, the model could be nonlinearly
extended by adding uneven powers of Ps(u(t))−P(t) with positive coefficients to preserve
attraction.

In the simplest case, we may choose r(t) = r0 = constant. Defining the mean power as
usual by the time average one finds that

< P(t) >=< Ps(u(t)) > [1+ O(
1

r0T
)]. (5.5)

Thus, the average based on the power curve predicts the true mean power output, provided
the averaging time T is much larger than the relaxation time τ := 1/r0. To see this, one
integrates Eq.(5.4) from time t = 0 to T :

P(T )−P(0)

Tr0
=< Ps(u(t)) > − < P(t) >, (5.6)

which implies that the left hand side of the equation tends to zero in the limit of large T .

In reality, a constant relaxation is not observed, see e.g. [18]. In order to implement a
frequency dependent response to wind fluctuations, we made the following linear response
ansatz [22]:

r(t) = r0(ū)+ r1(u̇); r1(u̇(t)) =
Z t

−∞
dt ′g(t − t ′) u̇(t ′). (5.7)
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Here, r0 describes relaxation at constant wind speed with u̇(t) = 0, compare Figure 5.1a).
The dynamic part r1(t) of the relaxation function takes into account the delayed response
to wind speed fluctuations u̇(t). The function g(t), which simulates the response properties
of the turbine, principally may include the control strategies of the turbine at various mean
(10-minute) wind speeds ū; thus one will generally set g(t) = gū(t), see also [18]. In view
of the convolution integral in Eq.(5.8), one has factorization in frequency space with

r̂( f ) = ĝ( f ) [2πI û( f )]; I =
√
−1. (5.8)

10 20 30 40 50
t

-0.1

0.1

0.2
g

Figure 5.4: Response function g(t) for the 150 KW turbine Vestas V25 in Beit-Yatir for mean wind
speed ū = 8 m/s, derived in ref. [22] from data of ref. [18]. Time t and g are in units of seconds and

reciprocal meter, respectively.

If the response function g(t) is known together with the power curve, then the average
power output can be predicted within this model after an elementary numerical integration
of system (4) with a given wind field as input. Formally, the dynamic effect can be defined
as a correction term, Ddyn, to the usual estimate by means of the power curve:

< P(t) >=< Ps(u(t)) >
(

1+Ddyn
)

. (5.9)

For low turbulence intensities the dynamic correction factor Ddyn can be obtained analyti-
cally within our model [22]. It has the same structure as the dynamic correction introduced
in an ad hoc way in [18]. The comparison with their results [18] allowed us, to deduce the
response function g(t) in a unique way, for details see [22]. The response function is shown
in Figure 5.4.
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We remark that the ad hoc ansatz made in [18] is limited to small turbulence intensities,
whereas our response model can deal, in principle, with arbitrary wind fields.

5.4 A simple example for constant power

In order to get insight into the dynamics response model (5.4) we analyse the relaxation
of the fluctuating power P(t) of a wind turbine to wind speed fluctuations at the especial
case of constant power P0 value. In this case the relaxation function (5.4) in the wind speed
interval with constant P0 can be as seen as follows

− d
dt

ln |P0 −P(t)|= r(t), (5.10)

which gives the relaxation r(t) function in terms of a natural logarithm function. From Eq.
(5.4) we evaluate the two possible cases for the logartithm term:

d
dt

P(t) = r(t) [P0 −P(t)] , for P0 > P(t),

d
dt

P(t) = −r(t) [P(t)−P0] , for P0 < P(t).

Thus preserving positive values for the argument of the logarithm function we denote the
relaxation function in terms of its amplitude

− d
dt

ln |P0 −P(t)|= r(t). (5.11)

Note that on this base the relaxation function is evaluated. The integral of this expression
is bounded in time:

− ln
|P0 −P(t1)|
|P0 −P(t0)|

=
Z t1

t0
dt r(t). (5.12)

If the relaxation −
R t1

t0 dt d
dt ln|P0 −P(t)| is constant, i.e. r(t) = r0, see also Eq.(5.5), the

solution of Eq. (5.11) exponentially converges to P0 as

P(t1) = P0 +[P(t1)−P0]exp[−(t1 − t0)r0],

for a large time interval: (t1− t0) → ∞.

Now if we define the variable as F(t) = ln|P0 −P(t)| we check the relaxation r function
by its Fourier transform. For convenience, we writte f by the angular frequency ω = 2π f .
Thus the Fourier transform for the case of Eq. (5.11) reads

Z

dt
[

− d
dt

F(t)
]

exp[iωt] =

Z

dt r(t)exp[iωt],
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with the following derivative terms into the integral
Z t1

t0
dt

(

− d
dt

[F(t)exp[iωt]]+F(t)
d
dt

exp[iωt]
)

= r̃(ω). (5.13)

In this equality we evaluate the integration over a finite interval of time. Here, we assume
that F(t) = 0 outside this interval. Hence the first term of the integral (5.13)

Z t1

t0
dt − d

dt
[F(t)exp[iωt]] = −F(t0)exp[iωt0]+F(t1)exp[iωt1] → 0, (5.14)

vanishes over time intervals where t ≤ t0 and t ≥ t1.

Thus the integral is reduced to the form of
Z

dtF(t)
d
dt

exp[iωt] = r̃(ω),

iw
Z

dt F(t)exp[iωt] = r̃(ω),

which leads to

iω F̃(ω) = r̃(ω).

5.5 Deriving the response function from data

In the following we attempt to derive a response g(t) function from measurement data for
the case of constant power P0 of a wind turbine, as introduced above in section 5.2. In this
case, to derive an empirical response g(t) function we evaluate the relaxation r(t) on the
base of (5.11), from measured 0.5-sec mean power values. In this analysis the data has
been previously selected to the specific mean wind speed V = 16m/s, which were taken
over a measurement period of 10-min, to evaluate the relaxation r(t) at the nominal power
of the turbine, which is stationary and constant, i.e. P0 = Pr, see Eq. (4.3). The stationary
power curve Ps corresponds, in this case, to the empirical measured power curve that has
been extracted by means of the extreme principle, Eq. (5.1), as shown the results in section
5.2. As alternative we have shown recently a new method of stochastic analysis to extract
the deterministic law of a physical noised magnitud value. The application of this method
for reconstructing power curves properly from given data has been shown in Chapter 4.

In the Fourier transform analysis we have deconvoluted the response function ĝ( f ), as given
by Eq. (5.8), over averaged values with a length of N = 26 as duration time of responses
in the order of seconds. The averaged ĝ( f ) values are based on about 20 smaller pieces of
data, whose 10min data, about 1250 discrete samples of 0.5 sec means, has been brocken
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up into small sections and then zero padded1 at all the ends of those short sets of values
in order to treat the end effects of each section for better resolution of Fourier transform
results, as shown in (5.14). We remark that the deconvolution procedure used for Eq. (5.8)
has been performed in this way in order to reduce as well as posible the noise effects of the
input data.

Due to the restriction to the constant part of the power curve, i.e. in the wind speed interval
13 ≤ u ≤ 19, only 1 data set of 10-min was evaluated, unfortunately.
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Figure 5.5: a) The measured 0.5 sec mean power output data (dotted points), at the case of mean

wind speed V = 16m/s, and the stationary power (solid) curve of Tjæreborg turbine [25]. Horizontal
and vertical units are m/s and kW, respectively. b) Relaxation function as time series extracted from

the data. The averaged relaxation value is 〈r〉 ≈ 0.04sec−1 and the corresponding relaxation time
is 1/〈r〉 ≈ 26sec. In c) d) the real and imaginary parts r̂R and r̂I are shown respectively.

In Figure 5.5 a) the analyzed 0.5 sec mean data are shown as spread points, for the case of
mean wind speed V = 16m/s, and the constant stationary power Ps as a curve. Figure 5.5b)
depicts the relaxation function in the time space, which has been extracted from those
mean values. The mean value of the relaxation function was 〈r〉 ≈ +0.04sec−1 which

1Zero padding consist to appening zero values to a signal in the time domain, which improves the resolu-
tion of the numerical Fourier calculation by an ideal interpolation in the frequency domain, see Ref. [72].
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Figure 5.6: In a) b) the real and imaginary parts ĝR and ĝI , see Figure 5.5, are shown respectively.

In c) d) the spectral density functions SR and SG are shown in log plots respectively. In all plots the
horizontal axis are the frequency f in units of Hz.

corresponds to a relaxation time: τ := 1/〈r〉 ≈ 26sec. The Figures 5.5 c) d) show the real
and imaginary parts of the relaxation function r̂R and r̂I at the frequency space respectively.

Next, in Figures 5.6 a) b) we have plotted the deconvoluted real and imaginary parts of
the response functions ĝR and ĝI , respectively. In addition, Figure 5.6 c) d) shows the
corresponding spectral density functions Sr̂ and Sĝ in the frequency space f , respectively.

The result of the measured data evaluation for the response function g(t) of the Tjæreborg
wind turbine is plotted in Figure 5.7. In the given case, we see that the response ĝ(t) func-
tion oscillates periodically at the frequency ≈ 1Hz with spikes amplitudes at the frequency
0.5Hz, see Figure 5.6 d). Note that in this case the response function does not decay to zero
at some time later, as shown recently by numerical evaluation in [22], see Figure 5.4.

5.6 Discussion and conclusion

In this Chapter the analytical relaxation model for the average power output in stochastic
wind fields has been evaluated in order to derive the response function by wind turbine
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Figure 5.7: Response function g(t) for the 2 MW Tjæreborg turbine for mean wind speed V = 16
m/s. Time t and g are in units of seconds and reciprocal meter, respectively.

from the measuring data [25]. In the simple case of constant power the response function
g(t) is analyzed by solving Eq.(5.4) in order to evaluate optimally r(t) and determining
r(ti) from P(ti) and Pr(u(ti)).

As is seen, e.g. from Figure 5.6a, the deconvolution method for ĝ( f ) is quite sensitive to
noise. Especially, if one is attemping to unfold wind turbine responses into their complex
control dynamics, as for example, by the power controller, pitch control, yaw angle, etc.,
as shown in Chapter 4. Therefore it is important to use more data in order to calculate
significant results, what was by far not available for this investigation. In addition, one may
include in the deconvolution method alternative methods such as optimal filtering to treat
the noise problem, see Ref. [72].

In the response evaluation it turns out that the measurement data used in this analysis is
much too small. This is due to the fact that the all available measurement data (about 1
day), which were taken in data sets of periods of 10 minutes, are too short to evaluate
responses in the range of seconds, see Figure 5.6 a)b) and 5.7. Therefore to achive a proper
evaluation of the response it one requires 10000 minutes of data or at least 100 data sets of
10 minutes as measurement period, in order to estimate our results to a relative error of 1%
of error. Furthermore to examine the response to turbulent wind fields the data has to be
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in order to average out noise pre-selected according to their mean V values and turbulence
intensity Iu because g depends on these quantities, as shown in [18, 22]. Thus the 100 data
sets of 10 minutes have to be selected from a much larger data set.

Another problem is that at the Tjæreborg site, wind speed is measured relatively far away
from the turbine, at a distance of 120 m, which poses the question whether the relevant
wind fluctuations acting in the rotor plane are still sufficiently correlated with the wind
speed fluctuations measured far away, especially in view of the response times of the order
of a couple of seconds. Therefore, it is important to improve the measurement method in
order to take into account the proper distance between the measure met mast and the wind
turbine in order to provide consistency and accuracy on measurement of fluctuating data.

In conclusion we have shown, that an empirical power curve can be extracted from high
frequency measurements of only one day. Second, we demonstrated that for a proper power
output prediction effects of delayed response have to be considered. As example we shown
the relaxation for the simple case of constant power in order to derive the delayed response
from measurement data, which however was not satisfactory due to the lack of a sufficiently
large data set.



Chapter 6

Conclusions and Outlook

In this work the stochastic power output production of a single wind turbine generator
system on fluctuating winds is investigated in detail. The main idea is to describe the
overall dynamical power responses of the wind turbine to introduce two basic components:
the relaxation, which describes the deterministic dynamic response of the wind turbine to
its desired operation state; and the stochastic force (noise), which is an intrinsic feature of
the system, and, in addition, analyse the true steady-states of the wind power conversion.

As expected power mean values are strongly affected by fluctuating winds this work aims
to provide a new method to characterize wind turbulence independent power curves in the
specific test site, fast measurement period for the power performance assessment and the
separation of wind and wind turbine’s power output production.

The investigation focus only on contributions of the fluctuating power output to its desired
stationary operation states. This is due to its basic physical non-linear response characteris-
tic of the system that in combination with turbulent winds the power output of a given wind
turbine generator system is crucial for power performance assessment. In order to con-
centrate on the fundamental effects of the dynamical delayed power output to fluctuating
winds a method based on stochastic differential equations known as the Langevin equations
of diffusive Markov processes is used. This method enables to describe relaxation effects
as well as the influence of noisy driving forces. Based on this ansatz a new concept of a
power characteristic of a wind turbine is proposed. Instead of the standard evaluation of
some time averaged mean power output value, we propose to define the power character-
istic as the power production, which is obtained, if no fluctuating wind condition is given.
This ideal power production corresponds to the so-called dynamical fixed points.

In order to introduce this new approach and to verify our methods a simple stochastic model
for the wind turbine power conversion of high-frequency wind measurements, i.e. for time
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scales ≥ 1Hz, is shown. The investigations were achieved basically at the flat and complex
terrain locations in order to include the complex local wind turbulence intensity effects that
characterizes the specific sites on which wind turbines are installed.

The main result of the Markov power curves shows that independently of the wind tur-
bulence intensity of the specific site the characteristics of the numerical power curves is
properly well reconstructed. This characteristics is given by their fixed points analysis that
have been extracted from the potential of the deterministic relaxation. The procedure to
estimate the Kramers-Moyal coefficients of the Langevin method from such data is shown
in detail and applied, as well as, to real measurement data of power output of a 2MW wind
turbine. The reconstruction of these coefficients from that measurements showed, for ex-
ample, that in the particular case of close to the rated wind speed, where power dynamics
are usually difficult to describe, the relaxation function has a more complex behavior than
the one of the full load. In the potential analysis several fixed points are found which show
the complexity of the wind turbine system for optimal power operation on changes of the
wind speed. Hence, these results show that the Markovian method can successfully be ap-
plied to describe the dynamical features of the wind power conversion of the wind turbines
than the well-known standard reconstruction method: standard IEC-61400-12, especially
if one is interested in the behavior of the turbine close to the rated wind speed of the power
curve. Furthermore the Markovian method on fluctuating data of about days are enough to
assess quite precise information of the power conversion, whereas the information of the
mean values, used for the standard power characteristic evaluation, are still very unprecise.

Hence, the Markovian power curve method is not only more accurate than the current
standard procedure of ensemble averaging but it also allows a measurement period much
faster, about days, because the stochastic analysis is able to deal properly with high fre-
quency fluctuating data. In the case of error in the measurement data (e.g. shutdown or
power-on states, failure, etc. values commonly dennoted as outliers) the method is most
robust to the estimation of wind turbine’s power curves.

Actually the wind turbine reacts by some delayed dynamic response to the wind speed fluc-
tuations. The short-time changes of these wind fluctuations together with a finite response
time hamper accurate power prediction due to the non-linear power curve characteristic. In
particular, the fluctuating winds that contribute to the dynamical responses of the wind tur-
bine due to power control strategies at various mean wind speed conditions are dependent
and lead to a non-linear relaxation function that are typically observed by wind turbine
simulations. In this sense the application of a suitable response theory has been intro-
duced properly in order to include the influence of turbulent wind in the power prediction.
As a result an empirical stationary wind-turbine power curve can be directly extracted, as
alternative, from high-frequency measurement data by the extreme principle. Also an ele-
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mentary theorem on power prediction for the simplest case of a constant relaxation time of
the wind turbine the true-mean power can be calculated.

6.1 Outlook

In the application of the stochastic Langevin equation for the wind turbine power output
modeling it has been investigated in a first approach that numerical solutions over measured
wind data can be possible to describe ideal power output dynamics. However those first
results have to be confirmed by further investigations with more data. In particular, the
method of stochastic analysis that has been used here is more reliable if measurements data
over several days (or some weeks) are used. Hence, future work is required here to improve
the statistical significance of the results.

In the stochastic power output model we have used the Ornstein-Uhlenbeck process as the
simplest case of the Langevin equation. However, more investigation on the characteristic
relaxation α and noisy β parameters, see Eq. (4.2), are required. In particular, the multi-
plicative (colored) noise of the wind power productions, which in this case was included
by wind turbulence, has to be investigated. Hence, additional work is required to improve
the noisy of the power output process which is very important characteristic parameter not
addressed here.

In the investigations of the response theory for the averaged power output of wind turbines
on turbulent winds we have shown that the delayed response function can be derived from
measurement data. However, the analysis for constant power shows that the response func-
tion of the wind turbine is quite influenced by noise in the measurement data. This lead
to the conclusion that improvements in the deconvolution procedure could be achieved by
additional statistical methods, such as optimal filtering, in order to treat the noise problem.
Furthermore the procedure of fluctuating measurement data have far not obtained an high
attention by the wind energy standards as the measurements of averaged values. Hence,
further improvements are focused on the noise treatment of the data and the measurement
method for fluctuating data, which have to be explored in the near future.
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Appendix A

General Langevin Equation

The generalized form of the Langevin-Equation eqn. (4.2) is written (in the Itô definition)
in terms of the Kramers-Moyal coefficients D(k) by [5, 46, 47],

d
dt

qi(t) = D(1)
i (q)+

n

∑
j=1

(

√

D(2)(q)

)

i j
·Γ j(t), i = 1, ...,n. (A.1)

where, q(t) denotes the n-dimensional stochastic state vector. The terms D(1)
i (q) and

D(2)
i j (q) are called the drift and diffusion coefficients and they describe the deterministic

relaxation and stochastic (noise) temporal evolution respectively. The term
√

D(2)
i j (q) de-

scribes the amplitude of the dynamical noise containing multiplicative noise if it dependents
on q otherways additive noise. Γ j(t) is an independent δ-correlated Gaussian distributed
white noise with zero-mean: 〈Γi(t)〉= 0, 〈Γi(t)Γ j(t ′)〉 = 2δ(t − t ′).

The drift coefficient D(1)
i is derived over a finite time step τ by the limit τ → 0 via the

conditional moments M(1)
i

D(1)
i (q, t) = lim

τ→0
M(1)

i (q, t,τ) , where, (A.2)

M(1)
i (q, t,τ) =

Z +∞

−∞
(q′i(t + τ)−qi(t))×w(q′, t + τ|q, t) ·∏

n
dq′n (A.3)

M(1)
i (q, t,τ) =

〈

q′i(t + τ)−qi(t)
〉

|qi(t)=q (A.4)

and the diffusion coefficient D(2)
i j by the conditional moments M(2)

i j

D(2)
i j (q, t) = lim

τ→0

1
τ

M(2)
i j (q, t,τ) , (A.5)
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where,

M(2)
i j (q, t,τ) =

Z +∞

−∞
(q′i(t + τ)−qi(t))× (q′j(t + τ)−q j(t))

×w(q′, t + τ|q, t) ·∏
n

dq′n, n = 1,2, ...n
(A.6)

M(2)
i j (q, t,τ) =

1
τ

〈

(q′i(t + τ)−qi(t))× (q′j(t + τ)−q j(t))
〉

|q(t)=q (A.7)

where, 〈·〉 denotes the ensamble averages. The term |q(t)=q means that at time t the stochas-

tic variable q(t) is at the state q. The moments M(1)
i and M(2)

i j characterizes the probabilities
w(q′, t + τ|q, t) over a finite time scale τ = t ′− t > 0.



Appendix B

Reconstruction of Markovian Power Curves

This appendix illustrates the reconstruction of the power characteristic in the local field for
the numerical power data shown in Figures 4.4, 4.5, 4.9 and measured data shown in Figure
4.1.
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Figure B.1: Reconstruction of the power characteristic in the local field for the numerical power

output data of the Tjæreborg site, see also Figure 4.4. The dynamical relaxation of the power
conversion, given by D(1)(P), is shown as arrows together with the attractive fixed points P f ix(u)

(•). The theoretical power curve Ps(u) is shown as black-line.
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Figure B.2: Zoom-in of a part of Figure B.1 showing several local attractive fixed points Pf ix(u) in
the range of wind speeds of 7m/s< u <15m/s.
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Figure B.3: Reconstruction of the power characteristic in the local field for the numerical power

output data of the Meerhof site, see also Figure 4.5. The dynamical relaxation of the power conver-
sion, given by D(1)(P), is shown as arrows together with the attractive fixed points P f ix(u) (•). The

theoretical power curve Ps(u) is shown as black-line.
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Figure B.4: Zoom-in of a part of Figure B.3 showing several local attractive fixed points Pf ix(u) in
the range of wind speeds of 5m/s< u <15m/s.
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Figure B.5: Reconstruction of the real power curve on numerical simulation, wind turbulence

intensity of 30%, see Figure 2.2. The vector-fields are the deterministic fluctuations. The black-line
is the real power curve. The open-squares are the power curve according to the IEC-standard. The

filled-squares points are the stationary power curve given by the new method.
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Figure B.6: Stationary power curve given by the fixed points for all wind velocity intervals, black-

line, see Ref. [69]. The arrow fields represent the deterministic dynamical relaxation of the power
output given by a two-dimensional analysis, D(1)(L,u).
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