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Abstract
The subject matter of the present work is the stochastic analysis of

turbulence based on the theory of Markov processes.
We apply this method in Chapter2 to turbulence generated by a frac-

tal square grid. We examine the stochastic cascade process of nested
velocity increments in scale, which is governed by a Fokker-Planck
equation. From this analysis, the joint multi-scale statistics of veloc-
ity increments can be obtained. In stark contrast to all documented
boundary-free turbulent flows, we find that these multi-scale statistics,
the coefficients of the Fokker-Planck equation, and dissipation-range
intermittency are all practically independent of the Reynolds number
(the characteristic ratio of inertial to viscous forces in the fluid). These
properties define a qualitatively new class of turbulence.

In Chapter3, we study the Markov properties of experimental ve-
locity data from different homogeneous isotropic turbulent flows. We
find that consistent estimates of the so-called Einstein-Markov coher-
ence length, which is closely related to the Taylor microscale, can be
obtained for different nesting structures of velocity increments. We also
analyze the stochastic process of the velocity in time, or, by Taylor’s hy-
pothesis, equivalently in space. Although this process does not have the
exact Markov property, we can identify the same Einstein-Markov co-
herence length as for the stochastic processes in scale. Using a method
based on the matrix of transition probabilities, we examinethe limits of
Markov chain models for the turbulent velocity.

Furthermore, we show in Chapter4 how the stochastic analysis of
the interscale process can be extended in order to obtain thecomplete
multi-point statistics of the velocity field. We condition the stochastic
cascade process on the velocity value itself, and find that the resulting
process is also governed by a Fokker-Planck equation, whichcontains a
simple additional velocity-dependent term in the drift function. Taking
into account this additional term, the multi-point statistics can be ex-
pressed by three-point statistics of the velocity field. Thus, we propose
a stochastic three-point closure for the velocity field of homogeneous
isotropic turbulence.

In Chapter5, we present further results on inhomogeneous turbu-
lence, fractal-generated turbulence, the Markov property, and multi-
point statistics.
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Zusammenfassung
Gegenstand der vorliegenden Arbeit ist die stochastische Analyse

der Turbulenz auf der Grundlage der Theorie der Markovprozesse.
Wir verwenden diese Methode in Kapitel2 zur Untersuchung

einer turbulenten Strömung, die durch ein fraktales Gitter mit
quadratischer Grundstruktur erzeugt wurde. Wir untersuchen
den stochastischen Kaskadenprozess von ineinander geschachtel-
ten Geschwindigkeitsinkrementen, der von einer Fokker-Planck-
Gleichung bestimmt wird. Aus dieser Analyse kann die Mehrskalen-
Verbundwahrscheinlichkeit der Geschwindigkeitsinkremente gewon-
nen werden. Im Gegensatz zu allen anderen bisher untersuchten freien
turbulenten Strömungen sind die Koeffizienten der Fokker-Planck-
Gleichung und die Mehrskalen-Statistik, sowie die Intermittenz im
Dissipationsbereich nahezu unabhängig von der Reynoldszahl (dem
charakteristischen Verhältnis von Trägheits- und Zähigkeitskräften im
Fluid). Durch diese Eigenschaften wird eine qualitativ neue Klasse der
Turbulenz definiert.

In Kapitel 3 untersuchen wir die Markoveigenschaften ex-
perimenteller Geschwindigkeitsdaten von verschiedenen homo-
genen und isotropen turbulenten Strömungen. Wir zeigen, dass
die sogenannte Einstein-Markov-Kohärenzlänge, welcheeng mit
der Taylorlänge in Beziehung steht, für verschiedene Arten der
Schachtelung der Geschwindigkeitsinkremente auf konsistente Weise
ermittelt werden kann. Außerdem untersuchen wir den stochastis-
chen Prozess der Geschwindigkeit in der Zeit, beziehungsweise,
nach der Taylorhypothese, im Raum. Obwohl dieser Prozess
keine exakte Markoveigenschaft aufweist, kann dieselbe Einstein-
Markov-Kohärenzlänge wie für den Skalenprozess bestimmt
werden. Wir verwenden eine Methode auf der Grundlage von
Übergangswahrscheinlichkeits-Matrizen, um die Grenzen von Markov-
Ketten-Modellen für die turbulente Geschwindigkeit zu untersuchen.

Darüber hinaus zeigen wir in Kapitel4, wie die stochastische Ana-
lyse des Skalenprozesses erweitert werden kann, um die vollständige
Mehrpunktstatistik des Geschwindigkeitsfeldes zu erhalten. Wir be-
dingen den stochastischen Kaskadenprozess auf die Geschwindigkeit
selbst und stellen fest, dass der daraus resultierende Prozess eben-
falls durch eine Fokker-Planck-Gleichung beschrieben wird, die einen
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zusätzlichen, geschwindigkeitsabhängigen Term in der Driftfunk-
tion enthält. Unter Berücksichtigung dieses einfachen zusätzlichen
Terms kann die Mehrpunktstatistik durch Drei-Punkt-Statistiken des
Geschwindigkeitsfeldes ausgedrückt werden. Somit schlagen wir eine
stochastische Dreipunkt-Schließung des Geschwindigkeitsfeldes homo-
gener, isotroper Turbulenz vor.

In Kapitel 5 stellen wir weitere Ergebnisse zu inhomogener Tur-
bulenz und mittels fraktaler Gitter erzeugter Turbulenz, sowie zur
Markoveigenschaft und zur Mehrpunktstatistik vor.



Chapter 1

Introduction

Complex systems are characterized by the existence of structures at dif-
ferent scales. The multitude or even infinity of appearanceswhich those
structures might assume calls for a statistical description of complex
systems in general, and of turbulent flows, which are the subject matter
of the present work, in particular. The observation that such structures
might be similar, but not necessarily identical, at different scales, calls
for a scale-dependent statistical description. Since an exact solution of
the equations of motion by means of numerical simulation is still far
beyond the possibilities of the available computing power for most tur-
bulent flows — and will remain so for a long time —, any substantial
progress in the statistical description and theory of turbulence will pos-
sess a great value for many fields of research, from various areas of
engineering to weather, climate and ocean dynamics, geo- and astro-
physics and even cosmology.

A scale-dependent statistical description of turbulence is given by
the probability density function (PDF)p[ξ (r)] of a quantityξ at differ-
ent scalesr.1 The most commonly used scale-dependent quantity is the
(longitudinal) velocity increment

ξ (r) = U(x+ r)−U(x) (1.1)

= u(x+ r)−u(x)

1Throughout this book, different types of brackets,(·) and [·], are used to facilitate
reading. The notationp[ξ (r)] is equivalent top[ξ ,r ].
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whereU(x) is the velocity at the pointx, andu(x) is the fluctuating
velocity,u(x) ≡U(x)−Ū , with the mean flow velocitȳU . The charac-
terization of turbulence by means of the PDFp[ξ (r)], or, equivalently,
by its moments of ordern, Sn(r) ≡ 〈ξ (r)n〉, the so-called structure
functions, has been the principal focus of turbulence research since the
pioneering works of Kolmogorov [1, 2, 3].

Since the large scales of a turbulent flow, that is, scales of the order
of the flow width or the size of the turbulence-generating object, are
naturally dominated by the specific boundary conditions, the hopes for
unification and the emergence of a “proper theory of turbulence” rely
on the small scales [4]. The hypothesis ofuniversalityof small-scale
turbulence is central to all statistical theories of turbulence and to all
turbulence models used for numerical simulation. Specifically, it is as-
sumed that turbulent flows have universal statistical properties at small
scales in the limit of infinite Reynolds numberRe. The Reynolds num-
ber is defined as

Re=
U0L0

ν
, (1.2)

whereU0 is a typical velocity (e.g. the mean valuēU or the standard
deviationurms of the flow velocity),L0 is a typical length scale of the
flow, andν is the kinematic viscosity of the fluid. The length scaleL0

might be defined as the flow width or the diameter of the turbulence-
generating object, or as an intrinsic scale of the flow like the integral
length scale, which is defined as the integralL =

∫ ∞
0 f (r)dr over the

autocorrelation functionf (r) = 〈u(x+ r)u(x)〉/〈u(x)2〉. The Reynolds
number is a measure of the ratio of inertial to viscous forcesin a flow.

The idea of universality of small-scale turbulence is closely related
to the concept of theenergy cascade, which dates back to Richardson
[5]. In this picture, energy is inserted into the flow at large scales and
transported to very small scales in a process where structures like ed-
dies repeatedly split up, transferring their kinetic energy to smaller and
smaller structures, where it finally dissipates into heat. The range of
scales which are small compared to the large, energy containing struc-
tures, but large compared to the scales where dissipation plays a role, is
called the inertial range. The inertial range extends down to at leastthe
so-called Taylor microscaleλ [6], and dissipation finally dominates at
scales of the order of magnitude of the Kolmogorov scale, or dissipation
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scale,η . In his famous “Statistical Theory of Turbulence” [7], Taylor
shows for the energy dissipation rate per unit mass,ε, for isotropic tur-
bulence that

ε = 15ν
u2

rms

λ 2 , (1.3)

whereurms =
√

〈u2〉 is the standard deviation of the fluctuating veloc-
ity.2 In the same work, Taylor presents experimental evidence forthe
assumption that

ε = Cε
u3

rms

L
, (1.4)

whereL is the integral scale andCε is a dimensionless constant which is
independent of the Reynolds number in the limit ofRe→ ∞. This equa-
tion is the expression of the “dissipation anomaly”, which states that
the dissipation does not depend on the viscosityν, and therefore not on
the Reynolds number, in the limit ofRe→ ∞. The dissipation anomaly
is related to the experimental observation that the drag coefficient of
an object in a flow is independent of the Reynolds number for high
Reynolds numbers [6]. Various experiments and numerical simulations
seem to confirm thatCε is independent of Reynolds number in the limit
of high Reynolds numbers [8, 9, 10, 11, 12]. The assumption thatε is
independent of the viscosityν is central for most theories of turbulence
including Kolmogorov’s work [1, 2, 3, 13], and for turbulence models
used for numerical simulation. Combining equations (1.3) and (1.4),
and defining the Reynolds number asRe= urmsL/ν, we obtain the pro-
portionality

√
Re∝ L/λ .3 Therefore, in the Richardson-Kolmogorov

phenomenology, the inertial range must become larger with increasing
Reynolds number.

The generation of a type of fully developed turbulence which
is homogeneous and isotropic but doesnot obey the Richardson-
Kolmogorov phenomenology is of great interest for turbulence research.
Such a type of turbulence has been found recently by Vassilicos and

2Also denotedurms≡ σu.
3The Taylor microscale-based Reynolds number,Rλ , is defined asRλ = urmsλ/ν . It

is proportional to the square root of the Reynolds number based on large scales like the
integral scale:Rλ ∝

√
Re. The Richardson-Kolmogorov phenomenology thus leads to the

proportionalityRλ ∝ L/λ .
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coworkers [14, 15, 16]. It is generated in a wind tunnel with a grid with
fractal structure, which perturbs the flow at several scales simultane-
ously. This fractal-generated turbulence has very different properties
compared to all other types of turbulence previously studied. The most
significant difference to “regular” (i.e. not fractal-generated) turbulence
is that the ratio of the integral length over the Taylor microscale is in-
dependent of the Reynolds number. Thus, fractal-generatedturbulence
scales with a single length scale instead of two distinct outer (integral)
and inner (Taylor or Kolmogorov) scales. Consequently, theparameter
Cε in Eq. (1.4) can not be independent of the Reynolds number, and
there is no dissipation anomaly in fractal-generated turbulence.

Furthermore, it has been observed for fractal-generated turbulence
that, as the Reynolds number increases, the level of small-scale in-
termittency remains constant and the average vortex stretching dimin-
ishes [17]. Small-scale intermittency (or more precisely, dissipation-
range intermittency [6]) can be quantified by the derivative flatness,
F ≡ 〈( ∂u

∂x)4〉/〈( ∂u
∂x)2〉2, which increases with Reynolds number for reg-

ular turbulence [18, 17]. Vortex stretching can be quantified by the
derivative skewness,S≡ 〈( ∂u

∂x)3〉/〈( ∂u
∂x)

2〉3/2, which is a normalized
measure of the average rate of enstrophy generation by vortex stretch-
ing in homogeneous isotropic turbulence (enstrophy is the average of
half the square of the vorticity∇ ×~u) [17]. The phenomenon of in-
creasing vortex stretching is directly related to one of the“Millennium
Problems” of mathematics, the one concerned with the regularity of the
solutions of the Navier-Stokes equations which govern fluidflow [19].

At this point we should mention that all we have said about regular
and fractal-generated turbulence applies to freely decaying turbulence,
that is, turbulence where the external forcing, the mechanism through
which energy is inserted into the flow, is not present any more. In the
case of turbulence generated by regular or fractal grids, the state of
freely decaying turbulence is established at a sufficientlylarge distance
downstream of the grid [14, 15].

The energy of regular turbulence decays following a power law,
u2

rms ∝ t−κ , wheret is the time, and the exponentκ has been found
to be larger than one [20]. A power-law decay is only one possible
similarity solution of the spectral equations for the decayof isotropic
turbulence [21, 22]. Another possible solution isexponentiallyde-
caying turbulence, which scales with a single constant length scale
[22, 23]. In fact, fractal-generated turbulence decays exponentially with
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u2
rms ∝ exp[−(x− xpeak)/λ ], where the distance from the gridx is pro-

portional to timet, andxpeakis the distance whereurms has its maximum
[15]. As predicted by George and Wang [22], the exponential decay of
fractal-generated turbulence comes along with a constant ratio ofL/λ .

Finally, we should mention that fractal-generated turbulence is
not only interesting from the point of view of turbulence theory. On
the contrary, most natural objects which generate turbulence in the
atmosphere, like mountains and trees, have approximately fractal
structure, or do at least generate turbulence at more than one scale.

In the description of turbulence by means of increment-PDFs
p[ξ (r)], information about the interaction between different scales is
missing, in the sense that the statistics are only known at each scaler
independently from all other scales. A more complete characterization
is given by the joint multi-scale PDFp[ξ (r1),ξ (r2), . . . ,ξ (rN)] of the
velocity increments atN scales. Here, we consider the velocity incre-
ments always for the same pointx, so that an increment at scalern does
always lie inside the increment at the next larger scalern+1. The analy-
sis of multi-scale statistics is greatly simplified if the stochastic process
from large to small scales (or vice-versa) has Markov properties, that is
if

p[ξ (rn)|ξ (rn+1),ξ (rn+2), . . . ,ξ (rN)] = p[ξ (rn)|ξ (rn+1)], (1.5)

where the scales are sorted asr1 < r2 < · · · < rN. Note that the de-
scription of the statistics of the velocity increment as a stochastic pro-
cess from large to small scales is conceptually similar to the idea of
the energy cascade, although the possibility of such a description per
seclearly does not imply the existence of the energy cascade. If equa-
tion (1.5) holds, theN-scale PDF factorizes into a product of simple
conditional PDFs,

p[ξ (r1),ξ (r2), . . . ,ξ (rN)] = (1.6)

p[ξ (r1)|ξ (r2)] · p[ξ (r2)|ξ (r3)] · · · p[ξ (rN−1)|ξ (rN)] · p[ξ (rN)].

The evolution of these conditional PDFs in scaler can be described by
a Kramers-Moyal expansion which might simplify to a Fokker-Planck
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equation,

−r
∂
∂ r

p[ξ (r)|ξ ′(r ′)] =− ∂
∂ξ

[

D(1)(ξ , r)p[ξ (r)|ξ ′(r ′)]
]

(1.7)

+
∂ 2

∂ξ 2

[

D(2)(ξ , r)p[ξ (r)|ξ ′(r ′)]
]

,

wherer ′ > r.4 For a more detailed description of this formalism, see
Chapter3. For now, it is sufficient to note that the coefficients of the
Fokker-Planck equation, the drift and diffusion functionsD(1)(ξ , r) and
D(2)(ξ , r), respectively, can be estimated directly from the measured
data, in our case, from a time series of the turbulent velocity signal.
It has been demonstrated for various different homogeneousisotropic
turbulent flows that the stochastic cascade process of the velocity incre-
ment in fact has the Markov property, and that it can be described by a
Fokker-Planck equation [25, 26, 27, 28, 29, 30, 31, 32]. This method has
also been successfully applied to other complex systems like roughness
of surfaces [33, 34], eathquakes [35], and financial data [36, 37, 38].

The description of the interscale process of turbulence andother
complex systems is valid only for scale distances∆r ≡ rn+1− rn which
are larger than the so-calledEinstein-Markov coherence length lEM.
In the case of homogeneous isotropic turbulence, this length scale is
of the order of magnitude of the Taylor microscale,lEM ≈ 0.8λ [39].
Therefore, the scaleslEM andλ are most likely related to the size of
the largest coherent structures associated with viscosity, because such
structures would ‘smooth out’ the stochastic character of the velocity
field and inhibit the Markov property (see Chapter3 and [39]).

The multi-scale description of velocity increments by a Fokker-
Planck equation allows a deeper insight into the statistical properties
of turbulence. Renneret al. [29] find that the diffusion functionD(2)

does not converge even for Reynolds numbers as high asRe≈ 106

(Rλ ≈ 1200) for data from a cryogenic helium free-jet experiment.This
observation questions the hypothesis of statistical independence of the
Reynolds number in the limit ofRe→ ∞, which is the presupposition
of the hypothesis of universality of homogeneous isotropicsmall-scale
turbulence.

4According to Pawula’s theorem, the Kramers-Moyal expansion, which has an infinite
number of coefficientsD(k), truncates after the second-order coefficient, and becomesa
Fokker-Planck equation, if the fourth-order coefficientD(4) is zero [24].
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As explained above, fractal-generated turbulence differsfrom
all other types of turbulence previously studied by the factthat it
scales with a single length scale which is independent of theReynolds
number, and by the independence of dissipation-range intermittency
of the Reynolds number [14, 15, 17]. In Chapter2, we present a
stochastic multi-scale analysis of fractal-generated turbulence, and
find that in contrast to the results for free-jet turbulence in [29], the
coefficients of the Fokker-Planck equation, and the multi-scale statistics
of fractal-generated turbulence are in fact practically independent of
the Reynolds number. This result confirms the special character of
fractal-generated turbulence and shows that not only the intrinsic
length-scales of this type of turbulence are independent ofthe Reynolds
number, but also the deeper statistical properties which can be ex-
amined by the stochastic analysis of the cascade process. Together
with the characteristics described above, these findings suggest that
fractal-generated turbulence is in fact a new, previously unknown class
of turbulence.

The method of stochastic analysis based on Markov properties
raises some questions which we address in Chapters3 and4 as well
as Sections5.3 and5.4 of the present book. One of these questions is
how the stochastic process, and in particular its Markov property and
the Einstein-Markov coherence length, depend on the nesting structure
of the velocity increments. The definition of velocity increments given
in Equation (1.1) implies a “left-bounded” nesting structure, where in-
crements at different scales have the left pointx in common. This is not
the only possible nesting structure. Increments might alsobe centered,
right-bounded, or nested in other ways. It has already been shown that
the nesting structure influences the Markov property, and that left- or
right-bounded increments introduce spurious correlations, that is, cor-
relations between increments at different scales, even if the “velocity” is
uncorrelated white noise [40, 41]. However, a systematic investigation
of the effects of the nesting structure on the Markov property of exper-
imental turbulence data was still missing, and will be givenin Chapter
3.

In the same chapter, we also examine the Markov property of the
process of the velocityu in spacex or, by the so-called Taylor hypothe-
sis, equivalently in timet. We investigate the limits of Markov models
for the velocity in detail. Such models are interesting for the synthetic
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generation of turbulence data (see [42, 43]), a problem which is of great
importance, for example, for the investigation of the behavior of wind
energy converters which operate in the turbulent atmospheric boundary
layer.

Furthermore, a stochastic description of the turbulent velocity as
a function of the spatial positionx might open up new possibilities
of turbulence modeling. For all methods of computational simulation
of turbulence, except the most time-consuming —and therefore most
expensive—, namely direct numerical simulation (DNS), thesmall-
scale structure of turbulence is modeled in some way in orderto avoid
an explicit calculation of the small-scale dynamics. The framework of
Markov processes might open the way towards a stochastic modeling
of these small-scale structures, an approach which would amount to a
stochastic closureof turbulence. Theclosure problemof fluid dynam-
ics can be stated as follows: From the equations of motion of fluid flow,
the Navier-Stokes equations, one can derive an infinite system of dif-
ferential equations for all possible moments of the multi-point PDFs of
the velocity field. Unfortunately, any finite subsystem of this system is
always unclosed, as, for example, are the so-called Reynolds averaged
Navier-Stokes (RANS) equations [44]. If the multi-point statistics at
small scales could be obtained from a stochastic process with empiri-
cally accessible coefficients (drift- and diffusion functions), this process
might be used to model the correlations of the components of the fluc-
tuating velocity in the RANS equations, as we will explain inSection
5.1. Since the stochastic process of the velocityu in spacex does not
have the exact Markov property (see Chapter3), the direct modeling of
u(x) as a Markov process is not an exact method to obtain a stochastic
mulit-point description of turbulence. Nevertheless, it might well be of
interest for the practical purpose of modeling turbulence in computa-
tional fluid dynamics.

On the other hand, the stochastic cascade process of velocity in-
crements does have the Markov property, and the exact multi-scale
statistics of homogeneous turbulence can be obtained by this method.
However, in this approach, the actual values of the velocityare some-
how filtered out, and the multi-point statistics can not be derived
straightforward from the multi-scale statistics. In Chapter 4, we
show how this method can be extend in order to obtain the complete
multi-point statistics of the turbulent velocity, given bythe joint PDF
p[u(x1),u(x2), . . . ,u(xN)] of the velocities atN pointsxn. We show how
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this N-point PDF can be expressed by three-point PDFs of the velocity
field, and propose a stochastic three-point closure for the velocity field
of homogeneous isotropic turbulence.
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Chapter 2

Fractal-generated
turbulence –
Defining a new class of
turbulent flows1

Abstract We apply a method based on the theory of Markov pro-
cesses to fractal-generated turbulence and obtain joint probabilities of
velocity increments at several scales. From experimental data we ex-
tract a Fokker-Planck equation which describes the interscale dynamics
of the turbulence. In stark contrast to all documented boundary-free
turbulent flows, the multiscale statistics of velocity increments, the co-
efficients of the Fokker-Planck equation, and dissipation-range inter-
mittency are all independent ofRλ (the characteristic ratio of inertial to
viscous forces in the fluid). These properties define a qualitatively new
class of turbulence.

1Published as R. STRESING, J. PEINKE, R. E. SEOUD, and J. C. VASSILICOS: Defin-
ing a new class of turbulent flows,Phys. Rev. Lett.104, 194501, 2010.
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2.1 Introduction

Recent experimental observations of fluid flow turbulence generated by
fractal grids like the one shown in Fig.2.1have revealed some remark-
able properties. Turbulence generated by space-filling fractal square
grids is homogeneous and isotropic far enough downstream where it
freely decaysexponentiallyand not as a power law as is the case in
all previously well-documented boundary-free turbulent flows (regular
grid turbulence, wakes, jets, etc.) [1, 2]. As predicted by a theoret-
ical study [3], this exponentially decaying turbulence is locked into a
single length-scale, meaning that the inner Taylor microscale λ and
the outer integral length scaleL are both proportional to it. As a re-
sult, the ratioL/λ stays constant during decay, although the Reynolds
number changes [4]. This implies an independence of the ratio of
outer to inner length scalesL/λ on Reynolds number which means
that fractal-generated homogeneous isotropic turbulenceis fundamen-
tally incompatible with the usual Richardson-Kolmogorov cascade pic-
ture of small-scale turbulence dynamics where, as the Reynolds num-
ber increases, the range of scales needed for the turbulenceenergy to
cascade down to scales small enough for dissipation to occur, also in-
creases. In other words, a wider range of length-scales is needed for
the Richardson-Kolmogorov cascade to cause turbulence to dissipate at
higher Reynolds numbers. Indeed,L/λ is proportional to, and there-
fore increases with, the Taylor length-based Reynolds numberRλ in all
boundary-free turbulent flows [2, 5] which are not fractal generated.

Standard statistical analysis of small-sale turbulence isbased on
two-point correlations and their dependence on the distance r between
the two points. A central quantity is the longitudinal velocity increment
ξ (r),

ξ (r) = u(x+ r)−u(x), (2.1)

whereu denotes the fluctuating velocity component in the directionde-
fined by two pointsxandx+ r. As mentioned above and shown in [3, 4],
fractal-generated turbulence can be such that〈ξ (r)2〉 = u2

rmsf (r/l)
where the brackets〈...〉 denote an averaging operation,urms is the rms
of u(x), f is a dimensionless function andl is a single length scale de-
termined by the fractal grid, independent ofRλ and such thatL ∼ l and
λ ∼ l . This self-preserving form of the second-order structure func-
tion is qualitatively very different from the basic Kolmogorov scaling
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〈ξ (r)2〉 = u2
rmsf (r/L, r/η) = u2

rmsg(r/L,L/η) where f and g are di-

mensionless functions,η is the Kolmogorov microscale andL/η ∼R3/2
λ

(equivalentlyL/λ ∼ Rλ ). This Kolmogorov scaling involves two differ-
ent length-scales, one outer (L) and one inner (η or λ ), and is based on
the Richardson-Kolmogorov phenomenology which also requires that
g(r/L) ∼ (r/L)2/3 in the intermediate asymptotic rangeη ≪ r ≪ L as
L/η → ∞, so that〈ξ (r)2〉 ∼ (εr)2/3 in that range withε ∼ u3

rms/L.

Figure 2.1: Fractal square grid.

These exceptional properties of fractal-generated turbulence, in par-
ticular the apparent absence of a conventional Richardson-Kolmogorov
cascade, call for a deeper analysis of its multiscale structure. The study
of all structure functions〈ξ (r)n〉 is equivalent to the study of the proba-
bility density functions (PDF)p[ξ (r)]. Such a study can reveal whether
it is in fact p[ξ (r)] which is self-preserving and independent ofRλ or
whether it has a Kolmogorov two-scale (inner and outer) dependence
and therefore depends onRλ . However, as there are infinite different
possible interscale processes to generate the same one scale p(ξ ) statis-
tics, a full multiscale characterization is needed in termsof the multi-
scale PDFp(ξ0,ξ1, ...,ξM) whereξm ≡ ξ (rm) for m= 0,1, ...,M. This
multiscale PDF is the joint probability of finding velocity increments on
several scales and goes beyond the traditional analysis based on struc-
ture functions asp[ξ (r)] can be deduced by integrations. Here we study
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this multiscale PDF for the purpose of achieving a most general differ-
entiation between fractal-generated turbulence and otherboundary-free
turbulent flows.

The analysis we use gives access to the multiscale PDF
p(ξ0,ξ1, ...,ξM) by characterizing the underlying stochastic interscale
process in the form of a Fokker-Planck equation. If the stochastic pro-
cess for the evolution of the velocity increments from scaleto scale
(rM < rM−1 < ... < r0) has Markov properties, i.e. if

p(ξM|ξM−1, ...,ξ0) = p(ξM|ξM−1), (2.2)

the multiscale PDFp(ξM, ...,ξ1,ξ0) can be expressed by a product of
conditional PDFsp(ξm|ξm−1). The stochastic process for these con-
ditional PDFs can be described by a Kramers-Moyal expansion. If
the fourth-order Kramers-Moyal coefficientD(4) is zero, the expan-
sion truncates after the second term (Pawula’s theorem) andbecomes
a Fokker-Planck equation:

− ∂
∂ r

p(ξ |ξ0) = − ∂
∂ξ

[

D(1)(ξ , r)p(ξ |ξ0)
]

+
∂ 2

∂ξ 2

[

D(2)(ξ , r)p(ξ |ξ0)
]

,

(2.3)

where for simplicity we use the notationsξ ≡ ξ (r) andξ0 ≡ ξ (r0) with
r < r0. The drift and diffusion functionsD(1) andD(2) can be estimated
as Kramers-Moyal coefficients pointwise by:

D(k)(ξ , r) = lim
∆r→0

r
k!∆r

+∞
∫

−∞

(ξ̃ − ξ )k p[ξ̃ (r −∆r)|ξ (r)]dξ̃ . (2.4)

It has been shown for several different flows [6, 7, 8, 9, 10] that (a) the
process has Markov properties, (b)D(4) vanishes or is small enough to
be neglected, and (c) the experimental (conditional) PDFs of the veloc-
ity increments can be reproduced by integration of the Fokker-Planck
equation, including intermittency effects.
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2.2 Experimental results

We analyze hot-wire measurement data from turbulence generated in a
wind tunnel by a fractal square grid shown schematically in Fig. 2.1.
The design of this grid is space filling in the sense that the fractal di-
mensionD f of the line defined by all the bars without their thickness
takes the maximum value 2. The spanwise thickness of these bars deter-
mines the blockage ratio independently of the value ofD f , and it is 25%
here, which is small compared to regular and active grids. The ratio of
the thicknesses of the largest to that of the smallest bars ofthe grid is
tr = 17 [11]. Measurements are taken for two different flow velocities at
five different downstream positions in the decay region, where the tur-
bulence is small-scale homogeneous and isotropic [4]. For comparison,
we use results from [8, 9] for hot-wire measurements of the stream-
wise velocity component along the center line of a cryogenicfree jet, as
well as new results from the analysis of hot-wire measurements of the
streamwise velocity component in the center of the wake of a cylinder
with diameter D= 2 cm at downstream-distancex = 100 D.

For the fractal grid data we confirm the result of [4] that λ is al-
most independent of downstream position. We find that the stochas-
tic process for the velocity increments has Markov properties for scale
separations∆r ≡ rm−1− rm greater than theEinstein-Markov coherence
length lEM, which is defined as the smallest∆r for which Eq. (2.2)
holds. We estimatelEM with the (Mann-Whitney-)Wilcoxon test, which
tests the validity of the equationp(ξ2|ξ1,ξ0) = p(ξ2|ξ1) for different
values of∆r (cf. [8]). For the fractal grid data, we find a constant ratio
of lEM/λ = 0.73± 0.09, which is comparable to previous results for
other turbulent flows, wherelEM/λ ≈ 0.8 [7].

We determine the Kramers-Moyal coefficients with two different
methods. The first method directly uses definition (2.4), determining
the limit of ∆r → 0 with a linear fit to the conditional moments on the
right hand side of Eq. (2.4) in the rangelEM ≤ ∆r ≤ 2lEM, following
[8, 9]. The drift and diffusion functions at each scaler can then be
approximated by linear and second-order functions inξ , respectively:

D(1)(ξ , r) = −d11(r)ξ , (2.5)

D(2)(ξ , r) = d20(r)−d21(r)ξ +d22(r)ξ 2. (2.6)

The second method uses numerical optimization to find the optimal co-
efficientsdi j (r) of Eq. (2.5) and (2.6). Here, the Kullback-Leibler en-
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tropy is used to minimize the distance between the empiricalconditional
PDF p(ξm|ξm−1), and the conditional PDF obtained by numerical inte-
gration of the Fokker-Planck equation (2.3) [12]. Both the direct and
optimization methods lead to consistent results.

The velocity incrementsξ (r) are given in units of their standard
deviation in the limitr → ∞, σ∞, which is identical to

√
2 times the

standard deviationσu of the velocityu [8]. This normalization allows
us to compare the Kramers-Moyal coefficients of different flows.
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Figure 2.2: Coefficients d11 (a) and d20 (b) as functions of the scale
r for the free jet (J), from [9], and fractal square grid (S). Reynolds
numbers Rλ are given in the legends.

Fig. 2.2(a) shows that the coefficientd11 has a similar dependence
on r for the fractal grid as for the free jet, and does not depend signif-
icantly on the Reynolds number for both flows. In contrast, the coeffi-
cientd20 does depend strongly onRλ for the free jet [8, 9], but not for
the fractal grid, as can be seen in Fig.2.2 (b). The coefficientd20 is
linear inr and thus can be approximated by

d20(r) = d∗
20

r
λ

. (2.7)

As shown in Fig.2.3, d∗
20 follows a power law inRλ for the free jet [9],

as well as for the cylinder wake data where the exponent seemsto be
smaller. In contrast, the sloped∗

20 is approximately constant for fractal
grid turbulence. For bothd11 andd20, the optimized coefficients differ
only slightly from the ones estimated by the classical method.

Renneret al. [8, 9] also find a strongRλ dependence of the coef-
ficientsd21 andd22 for free-jet data. For the fractal grid, we find no
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Figure 2.3: Slopes d∗
20 from Eq. (2.7) as functions of Rλ for the free

jet, cylinder wake, and fractal grid. The free-jet data are taken from [9].
The straight line represents a power law d∗

20 = 2.8Re3/8 from [9], where
Rλ ≈ Re1/2.

systematic dependence onRλ for the optimized values of these coeffi-
cients.

As an alternative and independent verification of the Reynolds num-
ber independence of the statistical properties of fractal grid turbulence
we now investigate the conditional PDFsp(ξ |ξ0), wherer ≪ r0. Note
that these are the fundamental quantities which contain theinformation
of the stochastic process integrated over a range of scales.Most impor-
tantly, the conditional PDFs do not contain the errors and uncertainties
which arise in estimating the Kramers-Moyal coefficients.

Fig. 2.4 shows the conditional PDFsp(ξ |ξ0), as well as the PDFs
p(ξ ), which are obtained by integration overξ0, for r = 3lEM andr0 =
9lEM, for the fractal grid, free jet, and cylinder wake. The PDFs for
high and low Reynolds numbers are plotted into the same graphfor
comparison.

The (conditional) PDFs of the fractal grid data in Fig.2.4(a) are
practically identical at different Reynolds numbers. The small devia-
tions in the tails of the distributions can be attributed to statistical errors
due to the small number of events in the corresponding bins. In con-
trast to this, the (conditional) PDFs of the free jet and cylinder wake
data in Fig.2.4(b) and2.4(c), respectively, exhibit large differences for
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Figure 2.4: Conditional PDFs p[ξ (r)|ξ (r0)] (left), and PDFs p[ξ (r)]
(right, rotated by 90◦ to illustrate the relation to the plots on the left),
for r = 3lEM and r0 = 9lEM. (a) fractal grid, Rλ = 153 (solid), 740
(dashed). (b) free jet, Rλ = 124 (solid) 352 (dashed). (c) cylinder
wake, Rλ = 163 (solid), 338 (dashed).
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Figure 2.5: Flatness Fx = 〈u4
x〉/〈u2

x〉2 of the velocity derivatives ux =
∂u/∂x for different fractal square grids in comparison to other types of
turbulence.

different Reynolds numbers.
The conditional PDFsp(ξ |ξ0) characterize the interscale dynamics

of the small-scale turbulence. Our results strongly suggest that there is
a qualitative difference between the interscale dynamics of turbulence
generated by space-filling fractal square grids and the interscale dynam-
ics of other boundary-free turbulence such as jet and wake turbulence.
The conditional PDFsp(ξ |ξ0) of our fractal-generated turbulence do
not depend on Reynolds number whereas those of other turbulent flows
do. This is probably the most fundamental way in which these two
different classes of turbulence differ. A particular consequence of the
Reynolds number independence ofp(ξ |ξ0) is the Reynolds number in-
dependence ofp(ξ ) which is obtained by integratingp(ξ |ξ0) overξ0.
This is confirmed by the right plots of Fig.2.4 where it is also shown
that p(ξ ) is Rλ -dependent in jet and wake turbulence.

The method of stochastic analysis applied in this Letter is lim-
ited to scalesr larger than the Einstein-Markov lengthlEM (≈ λ ) and
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therefore so are our conclusions concerningp(ξ |ξ0). However, if we
allow ourselves to extrapolate the Reynolds number independence of
p[ξ (r)] to all scalesr, then our fractal-generated turbulence is incom-
patible with Kolmogorov scaling〈ξ (r)n〉 = u2

rmsgn(r/L,L/η) (where

L/η ∼ R3/2
λ ) and must instead obey self-preserving single-length-scale

forms〈ξ (r)n〉 = un
rmsfn(r/l) as previously reported forn = 2 [3, 4].

The second remarkable consequence of such an extrapolated
Reynolds number independence ofp[ξ (r)] is the absence of Reynolds
number dependent dissipation-range intermittency, unlike all docu-
mented flows (see [1, 13]). Our data strongly support this conclusion.
Fig. 2.5 is a plot of the derivative flatnessFx; it is clear that it does not
depend onRλ , in very stark contrast with all other documented turbulent
flows whereFx grows withRλ [13].

2.3 Conclusions

Homogeneous and isotropic small-scale turbulence generated by a low-
blockage space-filling fractal square grid (Fig.2.1) is similar to other
boundary-free turbulent flows in that the stochastic process for the evo-
lution of the velocity increments from scale to scale has Markov prop-
erties for scale separations greater than the Taylor microscaleλ . How-
ever, this fractal-generated turbulence differs qualitatively from other
documented boundary-free turbulent flows [1, 8, 9, 13] in that the re-
sulting drift and diffusion functions (2.5) and (2.6) and the multiscale
joint probability functions which they determine are all independent of
Rλ . The single-scale probability density function of velocity increments
is also independent ofRλ . This implies the absence of (inner and outer)
Kolmogorov scaling and ofRλ -dependent dissipation-range intermit-
tency. These properties are in stark contrast with all documented turbu-
lent flows [1, 8, 9, 13]. Thus we believe we have found a qualitatively
new class of fluid flow turbulence.

These findings have significant implications for the issue ofuniver-
sality and pave the way for hitherto inconceivable studies on the very
conditions which allow the Richardson-Kolmogorov cascadeto hold or
not, over and above the intermittency corrections usually studied.

We thank C. Renner, O. Chanal, and B. Chabaud for the free-jet
data, and S. L̈uck for the cylinder wake data. We acknowledge support
from DFG Grant No. PE 478/14-1 and from EPSRC GR/S23293.
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Chapter 3

Markov properties of
turbulence1

Abstract We study the Markov property of experimental velocity data
of different homogeneous isotropic turbulent flows. In particular, we
examine the stochastic “cascade” process of nested velocity increments
ξ (r) := u(x+r)−u(x) as a function of scaler for different nesting struc-
tures. It was found in previous work that for a certain nesting structure,
the stochastic process ofξ (r) has the Markov property for step sizes
larger than the so-calledEinstein-Markov coherence length lEM, which
is of the order of magnitude of the Taylor microscaleλ [1]. We now
show that if a reasonable definition of the effective step size of the pro-
cess is applied, this result holds independently of the nesting structure.
Furthermore, we analyze the stochastic process of the velocity u as a
function of the spatial positionx. Although this process does not have
the exact Markov property, a characteristic length scalelu(x) ≈ lEM can
be identified on the basis of a statistical test for the Markovproperty.
Using a method based on the matrix of transition probabilities, we ex-
amine the significance of the non-Markovian character of thevelocity
u(x) for the statistical properties of turbulence.

1Submitted toPhys. Rev. Eas R. STRESING, D. KLEINHANS, R. FRIEDRICH, and J.
PEINKE: Different methods to estimate the Einstein-Markov coherence length in turbu-
lence.
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3.1 Introduction

Complex systems are often characterized by hierarchical structures at
different scales, which can frequently be described in terms of scale-
dependent quantities which obey stochastic differential equations. Ex-
amples of complex systems that have been successfully described by
stochastic processes in scale are turbulence [1, 2, 3, 4, 5, 6, 7, 8], rough-
ness of surfaces [9, 10], eathquakes [11], and financial data [12, 13, 14].
In all cases, the analysis is greatly simplified by the assumption that the
corresponding stochastic process has the Markov property.

For most real-world phenomena, however, the assumption of the
Markov property must be limited to large enough step sizes ofthe
stochastic processes. To our knowledge, this has first been recognized
by Einstein for Brownian motion of particles suspended in a fluid [15].
Einstein discussed a smallest time scale from which on the Brownian
motion of a dispersed particle can be described by a Markovian stochas-
tic process, since the stochastic forcing decorrelates. Wecall the spatial
equivalent of this time scale theEinstein-Markov coherence length, lEM.

If a complex system can be described by a Markovian stochastic
process in scale this has an important implication: the multi-scale statis-
tics, and eventually also the multi-point statistics of thesystem can be
expressed as a product of three-point statistics [8]. Therefore, the com-
plexity of the system is greatly reduced in presence of the Markov prop-
erty. Furthermore, the Einstein-Markov length contains relevant infor-
mation about the dynamics of the system. For example, it has been
found that the Einstein-Markov length of seismic data increases sig-
nificantly before the occurrence of a major earthquake, indicating that
the statistical coherence of the system increases before such a large-
scale event takes place [16]. For homogeneous isotropic turbulence, the
Einstein-Markov length of the stochastic process in scale is of the order
of magnitude of the Taylor microscaleλ , thus giving a new interpreta-
tion to this important length scale [1].

Given the fundamental importance of the Einstein-Markov coher-
ence length for the statistical analysis of complex systemsin general,
and turbulence in particular, in the present paper we have a closer look
at the Markov property of a scale-dependent variableξ as a function of
scaler. Furthermore, we extend the analysis to the stochastic process
of the local velocityu as a function of spatial positionx.

Note that the series of velocity datau(x) are actually obtained from
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time series of velocity valuesu(t) measured at a fixed positionx0 in
the turbulent flow. This is done by using Taylor’s “frozen turbulence”
hypothesis, which states that the turbulent velocity field does not change
significantly at small scales while it sweeps over the sensorwith the
mean flow velocity ¯u. Therefore, time lags∆t can be transformed into
spatial distances∆x by assuming that∆x = ū ·∆t. Taylor’s hypothesis
is widely used in turbulence research as an approximation for small
turbulence intensityσu/ū≪ 1, whereσu =

√

〈(u− ū)2〉 (e.g. [17]).
The most common scale-dependent measure of the turbulent veloc-

ity field is the velocity increment. The (longitudinal) velocity increment
ξ at the pointx and scaler is defined as

ξ (x, r) = u(x+[1−q]r)−u(x−qr), (3.1)

where u(x′) is the streamwise velocity at pointx′. The parameter
q∈ [0,1] defines the nesting structure of velocity increments at two or
more scalesr1, r2, . . . . The special cases ofq = 0, 1/2, and 1 will be
called left-bounded, centered, and right-bounded velocity increments,
respectively.

We now consider the statistics ofξ (r,x) as a function of the scaler.
The processξ (r) has the Markov property, if

p[ξ (r1)|ξ (r2),ξ (r3), . . . ,ξ (rN)] = p[ξ (r1)|ξ (r2)], (3.2)

where we assume thatr1 < r2 < .. . < rN. If (3.2) holds, theN-scale joint
probability density function (PDF)p[ξ (r1),ξ (r2), . . . ,ξ (rN)] factorizes
into a product of simple conditional PDFs,

p[ξ (r1),ξ (r2), . . . ,ξ (rN)] = (3.3)

p[ξ (r1)|ξ (r2)] . . . p[ξ (rN−1)|ξ (rN)] · p[ξ (rN)].

The evolution of the conditional PDFs in scaler then can be described
by a Kramers-Moyal expansion [2, 18]. Under certain conditions which
can be verified during analysis (the coefficient of fourth order,D(4), has
to vanish) the expansion reduces to a Fokker-Planck equation,

−r
∂
∂ r

p[ξ (r)|ξ ′(r ′)] =− ∂
∂ξ

[

D(1)(ξ , r) p[ξ (r)|ξ ′(r ′)]
]

(3.4)

+
∂ 2

∂ξ 2

[

D(2)(ξ , r) p[ξ (r)|ξ ′(r ′)]
]

,
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where we requestr ′ > r, which implies a direction of the process from
large to small scales [2, 18]. D(1)(ξ , r) andD(2)(ξ , r) are the drift and
diffusion function, respectively.

As shown in [1, 2, 3, 4, 5] for left-bounded velocity increments of
homogeneous isotropic turbulence, the process ofξ (r) has the Markov
property if the difference between the scales,∆r = r i − r i−1, is larger
than lEM ≈ λ . It has also been demonstrated that the fourth-order
Kramers-Moyal coefficient in fact can be neglected [4, 6] and thus, the
stochastic interscale process can be described by a Fokker-Planck equa-
tion. The scale-dependent drift and diffusion functions can be estimated
directly from the data [4, 5] or obtained from an iterative numerical op-
timization procedure [19].

This analysis provides access to theN-scale statistics of homoge-
neous isotropic turbulence, including a correct reconstruction of the so-
called structure functions〈ξ (r)n〉. If, additionally, the dependence of
the drift and diffusion functions on the velocityu is taken into account,
theN-point statisticsp[u(x1),u(x2), . . . ,u(xN)] can also be obtained [8].
Thus, a complete statistical characterization of the turbulent velocity
based on a stochastic three-point closure is achieved.

The remaining part of the paper is organized as follows: In Section
3.2.1, we briefly describe the experimental data. In Section3.2.2, we
examine the influence of the nesting parameterq in (3.1) on the Markov
property of the process of the velocity incrementξ as a function of scale
r. In Section3.2.3, we examine the Markov property of the stochastic
process of the velocityu as a function of spatial positionx. In Section
3.3, we generate synthetic data from the empirical transition matrices
of measured velocity data, and investigate which statistical properties
of turbulence can be reproduced by such a Markovian model. Section
3.4concludes this paper.

3.2 Markov properties

3.2.1 Experimental data

We analyze seven data sets from four different experimentalsetups in
order to cover a wide range of Reynolds numbers for differentflow
types. All data has been measured with hot-wire probes with asingle
wire or a cross-wire. In the latter case, we examine the streamwise
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velocity component.
We use data measured in the center of an axisymmetric air free

jet at 145 nozzle-diameters distance from the nozzle, at a Taylor-based
Reynolds-number ofRλ = 190 [4], and data measured in the center of
a cryogenic helium gas free jet with a temperature close to 4 Kat 40
nozzle-diameters distance from the nozzle atRλ = 124 andRλ = 352
[20]. These data have already been analyzed in great detail in [4, 5, 1].

We also analyze data measured in the center of the wake of a cylin-
der with diameter D = 2 cm at downstream-distancex = 100 D, atRλ =
163 andRλ = 338 [21].

Furthermore, we use data measured in the decay region of the air
flow behind a fractal square grid with the fractal dimensionD f = 2, a
blockage ratio of 25% and a thickness ratio of the thickest tothe thinnest
bars of the grid oftr = 17, described in detail in [22].

3.2.2 Markov property of the interscale processξ (r)

First, we examine the influence of the nesting structure of the velocity
increments on the Markov property of the stochastic processof ξ as a
function of scaler. This analysis is motivated by the results of [23, 24]
suggesting that left-bounded velocity increments, i.e. a nesting param-
eter ofq = 0 in (3.1), introduce spurious correlations which also affect
the Markov property [23], and which do not occur for centered velocity
increments withq= 1/2. Since almost all previous studies of interscale
dynamics were based on left-bounded increments, it might beneeded
to consider to shift the scope of the analysis to centered velocity incre-
ments in order to avoid spurious correlations. However, before doing
so, one should examine more closely how the nesting parameter q af-
fects the Markov property and the Einstein-Markov coherence length of
the process. This will be done in the present section.

When examining the Markov property of measured data, we focus
on the case ofN = 3 in (3.2), because the amount of data typically is
not sufficient to test more than two conditions on the left hand side of
the equation. Moreover, processes where the statistics of the stochastic
variableYi depend onYi−1 andYi−3 but not on Yi−2, would be rather
special and are not to be expected in natural phenomena like turbulence
[2]. Thus (3.2) simplifies to

p[ξ (r1)|ξ (r2),ξ (r3)] = p[ξ (r1)|ξ (r2)]. (3.5)
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The Markov property can be investigated qualitatively by comparison
of the empirical distributions of the left and right hand sides of (3.5).
As an example, Fig.3.1(a) shows the two conditional distributions cor-
responding to the left and right hand sides of (3.5) for left-bounded
velocity increments with∆r = λ (where∆r = r3− r2 = r2− r1) for the
cryogenic free jet atRλ = 352. The contour plots of the two distribu-
tions are almost identical, indicating that the underlyingprocess has the
Markov property. A cut through the contour plot for a fixed value of
ξ2 ≡ ξ (r2) shown in Fig.3.1(b) confirms that the differences between
the two distributions are in fact very small.
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Figure 3.1: (a) Contour plot of the conditional PDFs of the velocity
increments, p(ξ1|ξ2) (solid), and p(ξ1|ξ2,ξ3) (dashed), where ξi ≡
ξ (r i), with r1 = λ , r2 = 2λ , r3 = 3λ , and ξ3 = 0±σξ3

/8. (b) The
same PDFs at a fixed value of ξ2 = −1.2σu, which corresponds to
a cut through the contour plots in (a) along the vertical straight line.
Cryogenic free-jet at Rλ = 352.

In order to quantify the differences of the distributions, we perform
the (Mann-Whitney-)Wilcoxon test [25, 26, 4], described in detail in
Appendix3.5. The Wilcoxon test is a parameter-free statistical pro-
cedure to test the hypothesis that two samples of different size origi-
nate from the same probability distribution. Since the amount of data
points complying with the two conditions on the left hand side of (3.5)
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is smaller than the set satisfying the single condition of the right hand
side of (3.5) only, the two samples to be compared are necessarily of
different size. Therefore the Wilcoxon test is appropriatehere. The
present implementation of the test computes a statistical test valueW
which has an expectation of 1 if the hypothesis of the Markov property
holds.

In the following analysis, all length scales will be given inunits
of the Taylor microscaleλ , which is estimated from the relation for
isotropic turbulence,

〈

(u−〈u〉)2
〉

λ 2 =
〈

(

∂u
∂x

)2
〉

, (3.6)

where〈(∂u/∂x)2〉 is calculated by taking the limit of limr→0〈ξ (r)2〉/r2

with a linear fit.
Fig. 3.2 shows the results of the Wilcoxon test for the cryogenic

helium jet atRλ = 124 for different parametersq for the condition
ξ3 = 0±σξ3

/8, which is a short notation for−σξ3
/8≤ ξ (r3) ≤ σξ3

/8,

with σξ3
=

√

〈ξ (r3)2〉 2. For all values ofq, we observe an approx-
imately exponential decrease (and subsequent convergenceto 1) of W
with increasing values of∆r ≡ r i − r i−1. We determine a quantity∆r∗,
which is defined as the value of∆r where a linear fit to the logarithms of
W at small∆r crosses the line ofW = 1. We then identify this∆r∗ with
the smallest step size for which the stochastic process in scale has the
Markov property. For left-bounded increments, this procedure has been
used as a standard method to determine the Einstein-Markov coherence
length, defininglEM = ∆r∗ [4, 5, 1] 3. Fig. 3.3 shows the estimate∆r∗

as a function ofq.
Figures3.2 and 3.3 show that∆r∗ strongly depends on the nest-

ing parameterq. Fig. 3.4 illustrates that the distances between the left
start-points,δ r l , and between the right end-points,δ rr , of two nested
increments are in general not identical, except forq = 1/2. From our
results presented in Fig.3.3we now proposenot to take∆r ≡ δ r l +δ rr

2We choose this particular data set for a detailed study of theinfluence ofqbecause it is
the one with the best resolution with respect to the Taylor microscale, which is equivalent
to approximately 25 sampling steps.

3This method might lead to a slight underestimation oflEM because the test valuesW
decrease somewhat slower when they are close to one, but it allows a consistent estimation
of lEM, which is important for the comparison of our results.
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as measure of step size of the interscale process. Instead the quantity
δ r ≡ sup{δ r l ,δ rr} = (1

2 + |q− 1
2|)∆r, which is the larger of the two

distancesδ r l andδ rr , seems to be more suitable. As shown in Fig.3.3,
δ r∗ ≡ (1

2 + |q− 1
2|)∆r∗ is approximately constant inq.

0 1 2

100

101

∆ r / λ

W

q = 0

q = 1/4

q = 1/2

Figure 3.2: Wilcoxon tests for the cryogenic helium jet at Rλ = 124
for different values of q in Eq. (3.1), for r1 = λ in Eq. (3.7) and ξ3 =
0±σξ3

/8. Lines represent linear fits to the logarithms of W.

The definition of an Einstein-Markov length for nesting parameters
q other than 0, 1/2, and 1 is problematical, since for such values, the
distancesδ r l andδ rr are both non-zero and non-equal, so that there is
no consistent single measure of the distance between scalesfor the cor-
responding processes.4 Thus we consider only processes with nesting
parameterq = 0, 1/2, and 1 for further analysis. In the following, we
estimate the Einstein-Markov length by defininglEM = δ r∗, rather than
lEM = ∆r∗.

4In fact, one could also argue that in these cases it should notbe thelonger of the
two distances, sup{δ r l ,δ rr}, that matters for Markov properties, but theshorterdistance,
inf{δ r l ,δ rr}, which might still cause non-Markovian behavior even when sup{δ r l ,δ rr}
is already greater than the Einstein-Markov length. The Wilcoxon test statistics, however,
are clearly dominated by the exponential decrease which takes place when the larger dis-
tance,δ r ≡ sup{δ r l ,δ rr}, approaches the Einstein-Markov length. A second exponential
decrease related to the smaller distance inf{δ r l ,δ rr} is either not present or can not be
distinguished from the scattering ofW.
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Figure 3.3: Estimated lengths ∆r∗ and δ r∗ ≡ (1
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2|)∆r∗ in untis
of λ as functions of q for the same data as in Fig. 3.2. The solid lines
show an exemplary constant value of δ r = 0.85λ and the correspond-
ing values of ∆r = δ r/(1

2 + |q− 1
2|).

Figure 3.4: Illustration of nested increments for q = 1/3 in (3.1).

In Table3.1, we compare the estimates of the Einstein-Markov co-
herence length for different flows. The Einstein-Markov lengths based
on left-bounded and centered increments are denotedl lEM andlcEM, re-
spectively. It was shown in [4] that the length of the base-incrementr1

in (3.5) has very little influence on the estimate of the Einstein-Markov
length; in Table3.1, we choser1 = λ . In accordance with [1], we ob-
serve Einstein-Markov lengths for left-bounded increments in the order
of l lEM ≈ (0.8± 0.2)λ . For the cryogenic helium jet and the cylinder
wake data, we note a weak decrease of the ratiol lEM/λ for increasing
Reynolds number, which might call for an additional correcting term
on the results of [1]. The deeper meaning of this observation deserves
further research which goes beyond the scope of the present paper.
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flow type Rλ l lEM/λ lcEM/λ lu(x)/λ
free jet 190 0.73±0.12 0.67±0.10 0.70±0.08

cryogenic 124 0.90±0.09 0.85±0.09 0.87±0.09

free jet 352 0.62±0.09 0.55±0.11 0.66±0.06

cylinder 163 0.80±0.05 0.82±0.10 0.77±0.04

wake 338 0.62±0.05 0.58±0.09 0.53±0.05

fractal 145 0.70±0.06 0.65±0.09 0.87±0.07

square grid 640 0.85±0.15 0.69±0.20 0.79±0.10

Table 3.1: Estimated Einstein-Markov coherence lengths for the pro-
cess of ξ as a function of scale r based on left-bounded velocity in-
crements, l lEM, and based on centered increments, lcEM, in units of the
Taylor microscale λ . The quantity lu(x) is the characteristic length scale
determined from the exponential decay of the Wilcoxon test value W
for the stochastic process of the velocity u as a function of x.

A note on the error estimates. The ratios of lEM/λ in Table 3.1 are based on the esti-
mates of lEM and λ with the methods described above (i.e. a linear fit to ln[Wr1=λ (δ r)],
and a linear extrapolation based on (3.6), respectively). The errors given in Table 3.1
take into account two different error sources for lEM, and one error source for lu(x) and
λ . All types of errors are roughly of the same order of magnitude.
The first type of error of the estimate of l lEM, lcEM, and lu(x) is the intrinsic error of the
fit procedure, denoted σfit . These intrinsic errors σfit are the horizontal standard devia-
tions from the linear fits shown exemplarily in Fig. 3.2, i.e. the standard deviations of the
values of δ r/λ for the corresponding values of W. Only the values in the range of δ r
which was used for the fit are considered for the error estimates, of course. The second
type of error is due to the choice of a specific method to determine lEM, denoted σmethod.
For the estimation of σmethod, we determine lEM by four different methods and take the
standard deviation of the four results as the error. The first method is the one described
above, namely a linear fit to the values of W. The second method uses a threshold of
W ≤ 1.1, meaning that we take the first value of δ r where W(δ r) ≤ 1.1 as the estimate
of lEM. The third and fourth methods are the same as the first and second, only that we
take r1 = L/2 instead of r1 = λ in the Wilcoxon test. The error for lEM is then given by
σl = (σ2

fit +σ2
method)

1/2. The error of lu(x) is given by σl = σfit , since in this case we do
not use different estimation methods.
The error of the Taylor microscale, σλ , is the standard deviation based on two different
methods to determine λ . In the first method, the term 〈(∂u/∂x)2〉 in (3.6) is calculated
by taking the limit of lim r→0〈ξ (r)2〉/r2 with a linear fit. In the second method, the same
term is estimated from the relation 〈(∂u/∂x)2〉 =

∫

k2E(k)dk, where E(k) is the power
spectrum of the streamwise velocity fluctuations in the streamwise direction [22].
The total error given in Table 3.1 behind the ± signs of the respective values of l lEM/λ ,
lcEM/λ , and lu(x)/λ is given by σtotal = (σ2

l +σ2
λ )1/2.
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flow type Rλ Wl Wc Wu(x)

free jet 190 1.00±0.09 0.97±0.08 1.30±0.10

cryogenic 124 1.00±0.09 1.00±0.10 1.10±0.14

free jet 352 0.96±0.10 1.02±0.08 1.23±0.11

cylinder 163 1.01±0.08 0.99±0.11 1.24±0.12

wake 338 1.04±0.10 1.03±0.08 1.19±0.12

fractal 145 0.95±0.10 0.95±0.08 1.32±0.10

square grid 640 0.96±0.12 1.00±0.12 1.20±0.09

Table 3.2: Convergence of the Wilcoxon tests for Markov properties.
Wl and Wc are the averages of the test values W for λ ≤ δ r ≤ 2λ for
the left-bounded and centered increments, respectively. The standard
deviations of the averages are given after the ± signs. The length of
the base-increment r1 in eq. (3.5) is the Taylor length, r1 = λ . Wu(x) is
the average of W for λ ≤ r ≤ 2λ for the process of u(x).

As a central result of this section, we obtain a ratio of
lcEM/l lEM = 0.92± 0.06 for the examined flows. This means that
the Einstein-Markov coherence length is only slightly smaller
for centered than for left-bounded increments, when the quantity
δ r ≡ sup{δ r l ,δ rr} instead of∆r ≡ r i − r i−1 is taken as the effective
step size of the interscale process. We take this result asl lEM ≈ lcEM.

The analysis of Markov properties and, hence, the Einstein-Markov
length cannot rely on the estimation of the interception point by a fit
procedure only. Moreover the convergence of the Wilcoxon test statis-
tics to 1, of course, needs to be verified. Since the Wilcoxon test is a
statistical test which naturally contains some scattering, we discuss the
statistics of all test valuesW in the range ofλ ≤ δ r ≤ 2λ in order to
decide whether the test value converges to 1 or not. The averages and
standard deviations ofW in the range ofλ ≤ δ r ≤ 2λ are presented in
Table3.2. Wl andWc denote the average values ofW for the interscale
processes ofξ (r) for left-bounded and for centered velocity increments,
respectively.Wu(x) denotes the average ofW for the process ofu(x) (see
Section3.2.3).

In Table3.2, all values ofWl andWc deviate less than one standard
deviation from 1 and, hence, show a good convergence indicating the
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flow type Rλ Wl [r1 = L/2] Wc[r1 = L/2]

free jet 190 1.22±0.14 0.97±0.08

cryogenic 124 1.06±0.13 1.00±0.10

free jet 352 1.16±0.14 1.02±0.08

cylinder 163 1.23±0.20 1.03±0.08

wake 338 1.19±0.11 0.99±0.11

fractal 145 0.99±0.11 0.95±0.08

square grid 640 0.92±0.05 1.00±0.12

Table 3.3: As Table 3.2, but for r1 = L/2.

Markov property. However, if instead ofr1 = λ we choose a larger
scale of the base-increment,r1 = L/2, whereL is the integral length
scale, the averageWl for left-bounded increments deviates between one
and two standard deviations from 1 for five out of seven data sets (Table
3.3). This means that although the choice of the base-incrementlength
r1 does not affect theestimateof the Einstein-Markov length [4], it does
affect thequality (or statistical significance) of the Markov property in
the case of left-bounded increments.

This observation can be understood when we compare it to the re-
sults by Wächteret al. [23], who find that the stochastic process of
the increments of uncorrelated Gaussian white noise as a function of
scale has the Markov property for centered increments, but not for left-
bounded increments. In the case of turbulence, the velocityvalues at
the pointsx andx+ r1 become increasingly uncorrelated with increas-
ing distancer1. Consequently the results obtained for larger values of
r1 are similar to those for Gaussian white noise in [23].

3.2.3 Markov property of u(x)

In the previous section we already noted that the correlations of the
velocities atxandx+r decrease with increasingr. This fact could imply
that thevelocity u(x) actually has the Markov property under certain
circumstances. Therefore, in this section we examine the velocitiesu(x)
with respect to their Markov property by investigating the validity of the
equation

p[u(x1)|u(x2),u(x3)] = p[u(x1)|u(x2)] (3.7)
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for different spatial incrementsr = x3−x2 = x2−x1.

We apply the Wilcoxon test as described above to test the distri-
butional validity of (3.7). As for the increments studied in section??
the test statisticW exhibits an exponential decay at lowr (Fig. 3.5). In
analogy to the Einstein-Markov length of the interscale process, we can
define a characteristic length scalelu(x) for the process ofu(x) as the
intersection point of the fit with 1. Table3.1 in the rightmost column
contains the resulting fractionslu(x)/λ . The results are very similar to
those of the interscale process:lu(x)/l lEM = 1.00±0.12. At low r there,
hence, seem to be strong similarities between the processesξ (r) and
u(x), and for the latter process, a characteristic length scalelu(x) can be
identified which is practically identical to the Einstein-Markov length
of the interscale process.

However, Fig.3.5 shows that the test valuesW for the process of
u(x) do not converge to 1 after the exponential decay. The averages of
the Wilcoxon-test values in the rangeλ ≤ r ≤ 2λ , Wu(x), are listed in
Table3.2. These average values deviate from 1 by at least two standard
deviations in five out of seven cases, and by more than one standard
deviation in six out of seven cases. Thus, for the process ofu(x), the
hypothesis of the Markov property must be rejected in most cases, and
the characteristic length scalelu(x) can not be regarded as an Einstein-
Markov length foru(x) in the sense of the word defined in Section3.1.

The deviations from Markovian behavior of the process ofu(x) can
also be observed in a graphical comparison of the conditional probabil-
ity densities of the velocities. Fig.3.6(a) shows the distributions corre-
sponding to the right and left hand sides of (3.7) for a distancer = λ .
Although the two distributions are quite similar, there aresome differ-
ences especially for negative values ofu2, which become apparent in
Fig. 3.6(b). The errors shown for the distributionp(u1|u2,u3) in this
graph indicate that the deviations are significant.5

5The errors are calculated in the following way: the originaldata is divided into ten
subsets of equal length. Then the conditional probability densities are estimated for all ten
subsets, and the variance of the ten results, divided by

√
10, is taken as the error at each

point. We should note that the comparison of PDFs on the basisof such error estimates is
inferior to statistical tests like the Wilcoxon test.
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Figure 3.5: Wilcoxon test values W(r) for the cryogenic free-jet at Rλ =
352 for the process of u(x), based on Eq. (3.7), for u(x3) = 0±σu/8.
For comparison, the test values W(∆r) for the interscale process of
left-bounded increments are shown for ξ (r3) = 0±σξ/8 and r1 = λ .
The solid and dashed lines represent linear fits to the logarithms of W
used to determine lu(x) and l lEM, respectively.

3.3 Synthetic generation of velocity data
with a Markov chain model

In the previous section, we saw that the Wilcoxon test valueW for the
process ofu(x) shows the same exponential decay at small step sizes
as for the stochastic process of the velocity incrementsξ (r), and that
a characteristic length scalelu(x) ≈ lEM can be estimated from this ex-
ponential decay. Since the Wilcoxon test foru(x) does not relax to
1, however, this process does not have the Markov property. We now
want to investigate which main statistical properties of turbulence can
be reproduced based on theassumptionof the Markov property for the
process ofu(x). In other words, we want to know for which features of
turbulence the deviations from Markovian behavior observed in Figures
3.5and3.6, and in Table3.2, are important.

In order to address the impact of the deviations from the Markov
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Figure 3.6: (a) Contour plot of the conditional PDFs of the velocities,
p(u1|u2) (solid), and p(u1|u2,u3) (dashed), where ui ≡ u(xi), for x2 =
x1 − λ , x3 = x1 − 2λ , and u3 = 0± σu/8. (The mean flow velocity
ū has been subtracted from the velocity, i.e. in this graph, u denotes
the velocity fluctuation). (b) The same PDFs at a fixed value of u2 =
−1.2σu, which corresponds to a cut through the contour plots in (a)
along the vertical straight line. Cryogenic free-jet at Rλ = 352.

property, we apply the following procedure: We calculate the matrix of
transition probabilities from one velocity valueu at the positionx to the
next value at the positionx+ r, and then generate synthetic data from
this empirical transition matrix. This non-parametric method is entirely
based on the experimental data and makes no other assumptionthan
that of the Markov property. It has been applied to atmospheric wind
speed data, for example in [27, 28]. As step sizer of the process we
choose the Taylor microscaleλ , which is about the Einstein-Markov
coherence length. The original data seriesu(x) is transformed into a
series of discrete valuesu∗i with a limited number of possible values. For
example, the number of different velocity values is reducedfrom 1770
to N = 118 in the case of the air free jet data, and from 215 to N = 128 in
the case of the cryogenic free jet data. From this data series, we obtain
anN×N-matrix of the conditional transition probabilitiesP(u∗i |u∗i−1),
which are equivalent to the probabilitiesp[u(x)|u(x− r)]du, wheredu is
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Figure 3.7: (a) Contour plots of the transition matrices, P(u∗i |u∗i−1), of
the original data (solid), and of the reconstructed data (dashed). (b)
P(u∗i |u∗i−1) for the same data at a fixed value of u∗i−1, which corre-
sponds to a cut through the contour plots in (a) along the vertical line.
Cryogenic free jet at Rλ = 352.

the bin size. In the next step, a synthetic data series of discrete velocity
values is generated, using the empirical transition matrix. The generated
data have the same length as the original measured data. We check the
correct implementation of this procedure by calculating the transition
matrix of the synthetic data and plotting it into the same graph with the
transition matrix of the original data. This has been done infigure3.7
for the cryogenic helium jet atRλ = 352.

If the generated synthetic data set is sufficiently long, theMarkov
chain model, by construction, reproduces correctly the following sta-
tistical properties of the original data: the distributionof the velocity,
p(u); the distribution of the velocity increment at the smallestscale,
p[ξ (λ )]; and the conditional distribution of the velocity for the elemen-
tary step sizeλ , p[u(x)|u(x−λ )], which is equivalent to the transition
matrix itself.

In order to see differences between the original and reconstructed
data, we have to look at the two- and three-point statistics at scales
larger thanλ . Fig.3.8shows the distributions of the velocity increment
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ξr ≡ ξ (r) at different scalesr. The shapes of the increment distributions
of the original and reconstructed data do not seem to be very different at
first glance. Also the conditional distributionsp(ξ1|ξ2) at large scales
shown in Fig.3.9do agree remarkably well.

Since the visual comparison of increment distributions might not
be sufficient, we look at the moments (structure functions) and related
quantities of these distributions. Fig.3.10shows the structure functions
Sn(r) ≡ 〈ξ (r)n〉 of ordersn = 2,3,4 of three of the data sets. There
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are significant differences between the structure functions of the origi-
nal and reconstructed data, especially in the case ofn = 3. While for
the original dataS3(r) is approximately linear inr in the inertial range,
λ < r < L, in agreement with Kolmogorov’s four-fifths law for homoge-
neous isotropic turbulence [29, 30], it tends to zero after a short increase
for the reconstructed data.

Fig. 3.11shows the power spectra of three data sets, which are re-
lated to the second order structure functionsS2(r). The spectra of the
original and reconstructed data agree quite well. They are even practi-
cally identical for the fractal grid turbulence, which is characterized by
a low ratio of the integral length to the Taylor microscale even at high
Reynolds numbers, and which displays less intermittency than other
types of turbulence [22].

Fig. 3.12 shows that the flatness of the increment distributions,
F(r) = 〈ξ (r)4〉/〈ξ (r)2〉2, which is a measure of intermittency, de-
creases much faster for the reconstructed than for the original data. This
also applies to the fractal grid data, where the differencesbetween orig-
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Figure 3.10: Structure functions Sn(r) = 〈ξ (r)n〉 for n= 2,3,4 (from top
to bottom) of the original (solid curve) and reconstructed data (dotted
curve). (a) cryogenic helium jet at Rλ = 352, (b) cylinder wake at Rλ =
338, (c) fractal square grid at Rλ = 640.

inal and reconstructed second and fourth order structure functions in
Fig. 3.10do not appear to be significant at first glance.
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3.4 Conclusions

We investigated the Markov property of the velocity increments ξ in
scale r for different nesting structures of the increments. In the past,
there have been uncertainties concerning the impact of the nesting struc-
ture on the Markov property, which could be resolved with thepresent
contribution. If a reasonable definition of the effective step size of the
stochastic process is applied, the Einstein-Markov coherence lengthlEM

for all nesting structures is of the order of magnitude of theTaylor mi-
croscale.

A possible interpretation of the existence of an Einstein-Markov co-
herence length in turbulence is that there might be small-scale coherent
structures which ‘smooth out’ the stochastic character of the velocity
field, and which might be associated with viscosity [1]. This interpreta-
tion of the Einstein-Markov coherence length would be consistent with
the result of Yakhot [31] that the largest ‘dissipation scale’ in turbulence
scales withRe−1/2, like the Taylor microscale.

For the stochastic process of the velocityu(x), we analogously
estimate a characteristic length scalelu(x) from a statistical test for
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the Markov property, and find that this characteristic scaleis equiva-
lent to the Einstein-Markov coherence length of the interscale process:
lu(x) ≈ lEM. This fact, once again, emphasizes the physical relevance of
the Einstein-Markov length of a data set. In the case ofu(x), however,
the convergence to the Markov property is not perfect. Nevertheless,
some important statistical properties of experimental turbulence data,
like power spectra and conditional increment distributions, can be re-
constructed remarkably well by a simple Markov chain model based on
a matrix of transition probabilities, proposed in [27]. For practical pur-
poses of generating synthetic turbulence-like data, the Markov chain
model is much more successful for stationary turbulence data than it
was found for atmospheric wind speed data, where great differences
between the power spectra of original and synthetic data have been ob-
served [28]. Two fundamental properties of homogeneous isotropic tur-
bulence, namely inertial-range intermittency and Kolmogorov’s four-
fifths law, however, can not be reproduced correctly with theMarkov
chain model, which is a one-scale model.

Thus, we conclude that a complete statistical description of the
turbulent velocity must be a multi-scale description. Sucha description
is given by the stochastic differential equations of the interscale process
[2, 3, 4, 5, 8].

We thank C. Renner, O. Chanal, and B. Chabaud for the free jet
data, S. L̈uck for the cylinder wake data, and R. Seoud and C. Vassilicos
for the fractal grid data. We also thank C. Vassilicos for interesting
discussions on the subject. R. S. and J. P. acknowledge financial support
by DFG Grant No. PE 478/14-1.
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3.5 Appendix:
The (Mann-Whitney-)Wilcoxon test

The null hypothesis to be tested by the Wilcoxon test [25, 26, 4] is
that the probability density functionsp(y) and p̃(z) of the stochastic
variablesy andz are identical. In the case of (3.5), the two stochastic
variables arey= ξ1(r1)|ξ2(r2), andz= ξ1(r1)|ξ2(r2),ξ3(r3). For (3.7), they
arey = u1(x1)|u2(x2), andz= u1(x1)|u2(x2),u3(x3). Two samplesy1, ...,yn

andz1, ...,zm of independent realizations of the variables are taken from
the data. We take values which are separated by one integral lengthL to
be sufficiently independent from each other for the purpose of the test,
in order not to reduce the sample sizes too much. Then, the number of
valueszj with y j < zi is counted for eachzi and summed overi:

Q =
m

∑
i=1

n

∑
j=1

αi j , αi j =

{

1 : y j < zi

0 : y j ≥ zi
. (3.8)

Under the null hypothesis, the quantityQ is Gaussian distributed with
mean valueµ0(n,m) = nm/2, and, forn,m > 25, standard deviation
σ0(n,m) =

√

nm(n+m+1)/12. Then the quantity

∆Q =
|Q− µ0(n,m)|

σ0(n,m)
, (3.9)

which is the absolute value of a standard normal distributedvariable,
has a mean value of

√

2/π. In the present implementation of the test,
the quantity

∆Q∗ ≡ ∆Q/
√

2/π (3.10)

is calculated for a fixed value ofξ3 (respectivelyu3) for a number of
100 bins forξ2 (u2), which span the complete range ofξ2 (u2). The
mean valueW ≡ 〈∆Q∗〉 is calculated by taking the average over the 100
values of∆Q∗. Under the null hypothesis of the Markov property, the
expectation value ofW is 1.
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Chapter 4

Stochastic multi-point
description of turbulence1

Abstract In previous works it was found that the multi-scale statistics
of homogeneous isotropic turbulence can be described by a stochastic
“cascade” process of the velocity increment from scale to scale, which
is governed by a Fokker-Planck equation. We now show how thisde-
scription can be extended in order to obtain the complete multi-point
statistics of the velocity field. We extend the stochastic cascade de-
scription by conditioning on the velocity value itself, andfind that the
corresponding process is also governed by a Fokker-Planck equation,
which contains as a leading term a simple additional velocity-dependent
coefficient in the drift function. Taking the velocity-dependence of the
Fokker-Planck equation into account, the multi-point statistics in the
inertial range can be expressed by two-scale statistics of velocity incre-
ments, which are equivalent to three-point statistics of the velocity field.
Thus, we propose a stochastic three-point closure for the velocity field
of homogeneous isotropic turbulence.

1Published as R. STRESINGand J. PEINKE: Towards a stochastic multi-point descrip-
tion of turbulence,New J. Phys.12, 103046, 2010.
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4.1 Introduction

There has been extensive research activity aimed at achieving a stochas-
tic description of the complexity of turbulent velocity fields. A central
focus has been put on the case of homogeneous isotropic turbulence in
the hope to simplify this attempt. Over the last decades manyworks on
the statistical properties of velocity increments

ξ (r) = U(x+ r)−U(x)

have been published. Two-point statistics with respect to the incre-
ments are given by the probability density function (PDF)p[ξ (r)].2 The
knowledge ofp[ξ (r)] is equivalent to the knowledge of all structure
functionsSn(r) = 〈ξ (r)n〉 (c.f. [1]).

By focussing on the statistics of increments, the actual values of the
velocityU(x) are somehow filtered out. However, there is experimental
evidence that the velocity increments statistically depend on the veloc-
ity itself [2, 3, 4]. In other words, the ‘sweeping decorrelation hypoth-
esis’, which implies statistical independence of small-scale quantities
like velocity increments of the large-scale excitation represented by the
velocity itself, is in general not valid for turbulence. Hosokawa [5] takes
the quantityξ+(r) := U(x+ r)+U(x) as a measure of the large-scale
dynamics of turbulence. He shows that for homogeneous turbulence,
the assumption of statistical independence of the small-scale increment
ξ and the large-scale quantityξ+ is inconsistent with the existence of
a non-vanishing third-order structure function〈ξ (r)3〉 6= 0. This argu-
ment also rules out the sweeping decorrelation hypothesis.Thus, by
focussing exclusively on velocity increments, some information about
the complexity of turbulence is lost.

In the present paper, we will go beyond these findings of interde-
pendence of velocity increments (i.e. single-scale statistics) and veloc-
ities (i.e. single-point statistics), by investigating the relation between
multi-scale and multi-point statistics. We are interestedin these quanti-
ties because they allow a more profound characterization ofthe velocity
field than the increment statisticsp[ξ (r)], which include only a single
scale.

Over the last decades, different attempts have been made to describe
turbulence by scale-dependent stochastic models like, forexample, the

2Different types of brackets,(·) and[·], are used to facilitate reading.
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multifractal model (cf. [1, 6, 7]), which, in modified forms, has also
been applied to financial data (cf. [8, 9, 10, 11, 12]). Yakhot [13]
presents arguments form dynamic theory which are consistent with the
multifractal approach, showing that the PDF of the small-scale velocity
fluctuations includes information about the large scale dynamics.

Friedrich and Peinke [14, 15] suggested a different scale-dependent
description of turbulence, based on a Fokker-Planck equation for the
stochastic process of the velocity incrementξ as a function of scaler.
This approach is based on the experimental evidence that thestochas-
tic process ofξ (r) has the Markov property for step sizes∆r larger
than the so-called Einstein-Markov coherence lengthlEM, which is of
the order of the Taylor microscale,lEM ≈ λ [16]. The method gives
access to the multi-scale statistics expressed by the jointN-scale PDF
p[ξ (r1),ξ (r2), . . . ,ξ (rN)] for N differently chosen scalesr j , which are
separated by at least one Einstein-Markov length. The relevant infor-
mation about the stochastic process, i.e. the coefficients of the Fokker-
Planck equation, can be estimated directly from given experimental data
(cf. [17, 18, 19, 20, 21, 22]).

Nawrothet al. [23] noticed that this multi-scale description can also
be used for the generation of synthetic time series with the same statis-
tical multi-scale properties as, for example, a given turbulent velocity
time series, or for the prediction of financial time series [24]. They
also noticed that it is necessary to take into account the statistics of the
velocity itself in order to obtain stationary synthetic data [23]. In the
present work, we want to go beyond this approach and show precisely
how the jointN-scale PDFp[ξ (r1),ξ (r2), . . . ,ξ (rN)] is related to the
joint (N+1)-point PDFp[U(x),U(x+ r1), . . . ,U(x+ rN)]. As a conse-
quence of Markov properties of the velocity increments, themulti-point
statistics can be obtained based on the knowledge of the velocity field
at three points. Thus we propose a stochastic three-point closure for
homogeneous isotropic turbulence.

The paper is organized as follows: In Section4.2, we examine the
relation of multi-scale and multi-point statistics. We derive a velocity-
dependent Fokker-Planck equation for the velocity increments, which
gives access to the multi-point statistics. In Section4.3, we present ex-
perimental evidence for the validity of such a stochastic description, and
we examine the empirical velocity dependence of the Fokker-Planck
equation. Section4.4concludes the paper.
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4.2 Multi-scale and multi-point statistics

In the following, we use the notationu := U − Ū for the velocity fluc-
tuation, whereŪ is the mean flow velocity. We also use the short-hand
notationsui := u(xi) andui+ j := u(xi + r j), and for the velocity incre-
mentξ at scaler j we write:

ξ j ≡ ξ (r j) = U(xi + r j)−U(xi) (4.1)

= u(xi + r j)−u(xi).

The starting point of our work is the finding that theN-scale statis-
tics of velocity increments can be expressed by two-scale conditional
probability densitiesp(ξ j |ξ j+1). More precisely in several papers,
cf. [18, 19, 20, 21, 22], it has been shown by experimental evidence
that the stochastic process of the velocity incrementξ in scaler has
Markov properties, i.e. that

p(ξ j |ξ j+1,ξ j+2, ...,ξ j+N) = p(ξ j |ξ j+1), (4.2)

where the process direction has been chosen from large to small scales,
by sorting the scale variablesr j asr1 < r2 < ... < rN. This equation is
usually studied forN = 2, as an adequate simplification for finite data
sets [14],

p(ξ j |ξ j+1,ξ j+2) = p(ξ j |ξ j+1). (4.3)

We should note that (4.2) and (4.3) only hold for step sizes∆r := r j+1−
r j which are larger than the so-called Einstein-Markov coherence length
lEM, which is of the order of magnitude of the Taylor microscaleλ
[16, 25]. If ( 4.2) holds, theN-scale joint probability density function
of the velocity increments can be expressed by a product of conditional
PDFs,

p(ξ1, . . . ,ξN) = p(ξ1|ξ2)p(ξ2|ξ3) . . . p(ξN−1|ξN)p(ξN). (4.4)

As a next step we consider the (N+1)-point statistics which can be
expressed by

p(ui ,ui+1, . . . ,ui+N) = p(ξ1, . . . ,ξN,ui)

= p(ξ1, . . . ,ξN|ui) · p(ui),
(4.5)
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as can be easily seen, since the incrementsξ j of this equation are calcu-
lated from the velocity values which appear at the left-handside.3 Let us
assume that the Markov property of the interscale process isconserved
when the process is conditioned on the velocity, i.e. let us assume that

p(ξ j |ξ j+1,ξ j+2, ...,ξN,ui) = p(ξ j |ξ j+1,ui), (4.6)

which can be simplified to a sufficient condition for finite data,

p(ξ j |ξ j+1,ξ j+2,ui) = p(ξ j |ξ j+1,ui). (4.7)

Eq. (4.6) implies the following factorization of the multipoint joint PDF:

p(ui,ui+1, . . . ,ui+N) = p(ξ1|ξ2,ui) . . . p(ξN−1|ξN,ui) p(ξN|ui) p(ui).
(4.8)

The evolution of the conditional PDFs of (4.8) in scaler j can be ex-
pressed by a Kramers-Moyal expansion [26],

−r j
∂

∂ r j
p(ξ j |ξk,ui) =

∞

∑
q=1

(

− ∂
∂ξ j

)q
[

D(q)(ξ j , r j ,ui)p(ξ j |ξk,ui)
]

,

(4.9)

whererk > r j , with the Kramers-Moyal coefficients

D(q)(ξ j , r j ,ui) = lim
δ r→0

r j

q!δ r
〈
[

ξ ′
j(r j − δ r,ui)− ξ j(r j ,ui)

]q〉 (4.10)

= lim
δ r→0

r j

q!δ r

∞
∫

−∞

(ξ ′
j − ξ j)

q p[ξ ′
j(r j − δ r,ui)|ξ j(r j ,ui)]dξ ′

j .

Note that in contrast to the usual notation, we multiplied both sides of
(4.9) by r j , and we have a negative sign on the left hand side due to
the process direction from large to small scales. If the Kramers-Moyal
coefficient of fourth order,D(4), vanishes, the expansion truncates after

3We should note that equations likep(ui , . . . ) = p(ξ1, . . . ) should actually be written as
p(ui , . . . ) = p̃(ξ1, . . . ). But since the notation would get quite complicated if we denoted
each different PDF by a different symbol, we use a simplified notation where different
arguments ofp(·) imply different functions.
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the second term and becomes a Fokker-Planck equation [26],

−r j
∂

∂ r j
p(ξ j |ξk,ui) =− ∂

∂ξ j

[

D(1)(ξ j , r j ,ui)p(ξ j |ξk,ui)
]

(4.11)

+
∂ 2

∂ξ 2
j

[

D(2)(ξ j , r j ,ui)p(ξ j |ξk,ui)
]

.

In the same way, a velocity-independent Fokker-Planck equation can be
derived from (4.4),

−r j
∂

∂ r j
p(ξ j |ξk) =− ∂

∂ξ j

[

D̃(1)(ξ j , r j)p(ξ j |ξk)
]

(4.12)

+
∂ 2

∂ξ 2
j

[

D̃(2)(ξ j , r j )p(ξ j |ξk)
]

.

It has been shown for homogeneous isotropic turbulence thatthe co-
efficient D̃(4)(ξ j , r j ) can in fact be neglected [18, 20]. Therefore, the
Fokker-Planck equation (4.12) is an adequate description of the inter-
scale process of the velocity increments, giving access to the N-scale
joint PDF of (4.4).

In order to step from the description of multi-scale to multi-point
statistics, we have to examine the validity of (4.7), check whether or not
the coefficientD(4)(ξ j , r j ,ui) can be neglected, and study the empirical
dependence of the Fokker-Planck equation (4.11) on the velocityui .
This will be done in the next section.

4.3 Experimental results

We analyze hot-wire measurement data from three different flow types
at different Reynolds numbers. The first flow type is the wake of a cylin-
der with diameter D = 2 cm in a wind tunnel at downstream distancex
= 100 D, for Taylor microscale Reynolds numbersRλ in the range from
86 to 338 [27]. We use the data atRλ = 338 for the most detailed anal-
ysis. This data is characterised by a dissipation scaleη = 0.10 mm,
Taylor microscaleλ = 3.7 mm, and integral scaleL = 119 mm. The
second flow type is an axisymmetric air free jet at 145 nozzle-diameters
distance from the nozzle, atRλ = 190, withη = 0.25 mm,λ = 6.6 mm,
andL = 67 mm. This data is described in detail in [18]. Finally, we
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also analyze data from the flow behind a so-called space-filling fractal
square grid, described in detail in [28], measured at different positions
in the decay region of the turbulence in the wind tunnel, for different
flow speeds, at Reynolds numbersRλ between 175 and 740. The cylin-
der wake and free jet data sets have a total length of 12.5 · 106 values
each, and the fractal grid data sets have a length of 3·106 values each.
We analyze the streamwise velocity component of the cylinder wake
and fractal grid data, which has been measured with cross-wire probes.
The free jet data has been measured with a single wire.

We examine the dependence of the conditional PDFs of the velocity
increments on the velocity itself by comparing both sides ofthe equa-
tion

p(ξ1|ξ2,ui) = p(ξ1|ξ2). (4.13)

Note that if (4.13) would hold, the Fokker-Planck equations (4.11) and
(4.12) would be identical. In Fig.4.1, we compare the contour plots
of both conditional distributions of (4.13) for the free jet at scales
r1 = 2λ ≈ L/4 andr2 = 2r1 for two different values ofui. The dis-
tributions agree almost perfectly forui = 0, while for a larger velocity,
ui = 2σu (whereσu =

√

〈u2〉), the distributionp(ξ1|ξ2,ui) is slightly
shifted downward with respect to the other distributionp(ξ1|ξ2). Ac-
cording to the errors ofp(ξ1|ξ2,ui) shown in this figure, the shift is
statistically significant.4 Such a shift of the conditional PDF for veloc-
ities ui 6= 0 can be observed at any scaler1 for all examined flows. As
we will see below, this shift will lead to a velocity-dependent term in
the drift function of the Fokker-Planck equation.

In Section4.2, we argued that the multi-point statistics might be
obtained from the velocity-dependent Fokker-Planck equation (4.11) of
the interscale process. A necessary condition for this description to
hold is the validity of (4.7), which states that the Markov property of
the interscale process is conserved under the additional condition ofui .
In order to verify the validity of (4.7), we apply the (Mann-Whitney-
)Wilcoxon test [29, 30, 18], which tests whether or not two samples

4The errors shown in Fig.4.1are calculated in the following way: the original data is
divided into ten subsets of equal length, the conditional probability densities are estimated
for all ten subsets, and the variance of the ten results, divided by

√
10, is taken as the error

at each point. We should note that such error estimates can only serve as a rough estimate
of the statistical significance of the shift of the PDFs. Withthe Wilcoxon-test, described
in Section4.5, it can be shown that (4.13) is only valid as an approximation for very small
scaleslEM < r1 ≪ L, and not for very large values of|ui | ≈ 2σu. To save space, these
results are not presented here [see Section5.4.2].
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Figure 4.1: Contour plots of the conditional distributions p(ξ1|ξ2)
(black), and p(ξ1|ξ2,ui) (red), with ξ j ≡ ξ (r j), for scales r1 = 2λ ≈
L/4, and r2 = 4λ ≈ L/2, for ui = 0±σu/4 (a), and ui = 2σu±σu/4
(c). Figures (b) and (d) show cuts through the contour plots at fixed
values of ξ2 (along the vertical straight lines in figures (a) and (b), re-
spectively). Free jet.

of different sizes have the same statistical distribution.Since the two
distributions of (4.7) are necessarily of different sizes, the Wilcoxon test
is an appropriate method to estimate its validity. The test is described in
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Figure 4.2: Wilcoxon test of (4.7) for different values of ui and ξ j+2

as indicated in the legend (ξ j+2 = 0 is short for ξ j+2 = 0±σu/8, and
ξ j+2 = (−)σu is short for ξ j+2 = (−)σu±σu/6). Cylinder wake at Rλ
= 338.

detail in Section4.5. Fig.4.2shows the results of the Wilcoxon test for
(4.7) for different values ofui andξ j+2. In the present implementation
of the Wilcoxon test, a statistical test value〈∆Q∗〉 is computed, which
must be close to one for acceptance of the hypothesis expressed by (4.7).
The values〈∆Q∗〉 in Fig.4.2are in fact identical to one, except for some
inevitable scattering, for large enough scale distances∆r > lEM ≈ 0.6λ .
Thus, the Markov property of the interscale process is conserved under
the additional condition ofui , and (4.7) and (4.8) do apply.

The drift and diffusion functions of (4.12) for homogeneous
isotropic turbulence are approximately linear and second-order func-
tions inξ , as was found previously in [18, 19]:

D̃(1)(ξ , r) = −d̃11(r)ξ , (4.14)

D̃(2)(ξ , r) = d̃20(r)− d̃21(r)ξ + d̃21(r)ξ 2. (4.15)

Here and for the remaining part of the paper, we skip the indices inξ j ,
r j , andui for simplicity. The velocity incrementsξ are given in units
of their standard deviation in the limitr → ∞, σ∞, which is identical to√

2σu ≡
√

2〈u2〉 [18]. This normalization allows a comparison of the
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Figure 4.3: Drift and diffusion functions D(1)(ξ , r,u) and D(2)(ξ , r,u),
and Kramers-Moyal coefficient D(4)(ξ , r,u) for different values of u.
D(1) is shown for r j = 20λ , D(2) and D(4) for r = 3λ . Cylinder wake at
Rλ = 338.
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Kramers-Moyal coefficients of different flows. As pointed out in [18], it
is known that a diffusion function which is constant inξ has Gaussian
solutions, whereas the additionalξ -dependent terms present in (4.15)
are responsible for intermittency effects and anomalous scaling of the
structure functions.

In the following, we examine the velocity-dependence of thedrift
and diffusion functions. Fig.4.3 shows exemplary drift functions
D(1)(ξ , r,u) of the cylinder wake atRλ = 338 for different values ofu.
Foru 6= 0, the drift functions are essentially shifted in the vertical direc-
tion in comparison to the drift foru= 0, while their slopes do not depend
visibly onu. The diffusion functions, also shown in Fig.4.3, do not de-
pend significantly onu. Furthermore, the fourth-order Kramers-Moyal
coefficientD(4)(ξ , r,u) in Fig. 4.3 is zero within the estimation errors.
Thus, the description of the stochastic process by a Fokker-Planck equa-
tion is valid, and the velocity-dependent drift and diffusion functions
can be approximately described by first and second-order polynomials
in ξ ,

D(1)(ξ , r,u) = d10(r,u)−d11(r)ξ , (4.16)

D(2)(ξ , r) = d20(r)−d21(r)ξ +d21(r)ξ 2. (4.17)

The most significant difference to (4.14) and (4.15) is the presence of
the additional velocity-dependent termd10 in the drift function. The
coefficientd10 is the leading velocity-dependent term, which can also
be seen from the shift of the conditional PDFs in Fig.4.1c-d.

The r-dependence ofd10 for different values ofu is shown in
Fig. 4.4. For the cylinder wake and fractal grid in figures4.4a and4.4c,
the dependences ofd10 on bothr andu are quite similar and approxi-
mately symmetric inu, d10(r,u) ≈ −d10(r,−u). In contrast,d10 is not
symmetric inu for the free jet in Fig.4.4b. In all cases,d10 can be
approximated by a second-order polynomial inr,

d10(r,u) = d101(u)
r
λ

+d102(u)
( r

λ

)2
. (4.18)

The dependence of the coefficientsd101 andd102 on the velocityu is
shown in Fig.4.5. We find that the parametersd101 andd102 depend on
the flow geometry as well as on the Reynolds number. In the cases of the
cylinder wake and fractal grid, the termd101 is almost linear inu for low
Reynolds numbers, and becomes more S-shaped for higher Reynolds
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numbers (figures4.5a and4.5c); the termd102 is approximately linear
in u, with Reynolds number dependent slopes in the case of the cylinder
wake (figures4.5d and4.5f). For the free jet, neitherd101 nor d102 are
linear inu, andd101 is also strongly asymmetric (figures4.5b and4.5e).
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Figure 4.4: Coefficient d10 from (4.16) as function of r for different val-
ues of the velocity u, given in the legend. The dotted lines are fits
according to (4.18). (a) cylinder wake at Rλ = 338, (b) free jet at
Rλ = 190, (c) fractal square grid at Rλ = 740.

Fig. 4.6 shows the coefficientsd11, d20, d21, andd22 of (4.16) and
(4.17) as functions ofr for different values ofu for the cylinder wake
data atRλ = 338. Reliable estimates of these coefficients for values
of |u| > σu can not be obtained due to the small number of available
data for large velocity fluctuations. None of the coefficients shows a
similarly systematic dependence onu as the coefficientd10 in Fig. 4.4.
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Figure 4.5: Coefficients d101 (a,b,c) and d102 (d,e,f) of the fits to d10,
according to (4.18), at different Reynolds numbers Rλ given in the leg-
ends. (a,d): cylinder wake, (b,e): free jet, (c,f): fractal square grid. The
horizontal error bars shown for the highest Reynolds number data rep-
resent the range (bin size) of values of u used for the estimation of the
drift. The vertical error bars are the errors of the estimated parameters
d101 and d102.
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Figure 4.6: Coefficients d11, d20, d21, and d22 from (4.16) and (4.17) as
function of r for different values u, given in the legend. The solid lines
represent the coefficients d̃11, d̃20, d̃21, and d̃22 from (4.14) and (4.15).
Cylinder wake at Rλ = 338.

The sloped11 of the drift function only deviates foru ≈ −σu at large
scalesr, and the leading order coefficient of the diffusion function, d20,
practically does not depend onu at all. The coefficientsd21 andd22 are
scattered due to the large estimation errors, especially atlarge scales.
Fig.4.6d suggests thatd22 decreases —and therefore the diffusion func-
tion D2(ξ ) becomes flatter— for smaller values of|u|, which would cor-
respond to a more Ornstein-Uhlenbeck-like process in the vicinity of u
= 0. However, we should note that the dependences ofd21 andd22 on
u are relatively small at scalesr < 5lEM, and that these coefficients are
more difficult to estimate thand10, d11, andd20.

Fig. 4.6 also shows the coefficients̃d11, d̃20, d̃21, andd̃22 of (4.14)
and (4.15) as solid lines. While the coefficientsd20 andd̃20 are identical
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at all scales, the coefficientsd11 andd22 are different fromd̃11 andd̃22,
respectively, at large scalesr. The difference between the slopes of the
drift functions,d11 and d̃11 at large scalesr can also be observed in
Fig. 4.3.

4.4 Conclusions

It was found in [14] that the stochastic cascade process of velocity
increments from scale to scale can be described by a Fokker-Planck
equation. This description gives access to the joint multi-scale PDF
p[ξ (r1),ξ (r2), . . . ,ξ (rN)] of the velocity incrementsξ at the scalesr j .
The structure functionsSn(r) ≡ 〈ξ (r)n〉 can also be obtained from this
description (see also [15, 17, 18, 19, 20, 21, 22]).

In the present paper we showed how this method can be extended
in order to obtain the joint multi-point PDFp[U(x1),U(x2), . . . ,U(xN)]
of the velocityU at the pointsxi . This description is more complete
than the multi-scale description, since it takes into account the velocity-
dependence of the small-scale statistics. The multi-pointstatistics can
be obtained from a Fokker-Planck equation for the conditional PDF
p[ξ (r1)|ξ (r2),u], where u is the fluctuating velocity. The Fokker-
Planck equation follows from the Markov property of the underly-
ing stochastic process and from the experimental observation that the
fourth-order Kramers-Moyal coefficient can be neglected.

The Fokker-Planck equation for the multi-point statisticsdiffers
from the Fokker-Planck equation for the multi-scale statistics mainly
by the presence of a simple additional term in the drift function. This
term,d10(r,u), represents a vertical, velocity-dependent shift of the drift
function. It implies that when, for example,ξ (r2) = 0 andu≫ 0, then
ξ (r1) at the scaler1 < r2 is likely to be negative. This is reasonable
becauseξ (r2) andξ (r1) are to some extend independent and, loosely
speaking, the increments have the tendency to drive the velocity sig-
nal back to zero, since it is stationary at large scalesr ≫ L. The shift
of the drift function corresponds to the shift of the conditional PDF
p[ξ (r1)|ξ (r2),u], observed in Fig.4.1.

It was found in previous works that the coefficients of the Fokker-
Planck equation for the interscale process are not universal, but depend
on the Reynolds number [19] and/or flow geometry [22]. We now found
a similar result for the velocity-dependent coefficientd10, which does
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depend on the flow type and, at least in the case of the cylinderwake,
also on the Reynolds number. On the basis of the examined datasets
with lengths of up to 107, we can not make definite statements on the
velocity-dependence of the other coefficients.

The coefficients of the Fokker-Planck equation can be estimated
directly from the measured data. With the knowledge of theseco-
efficients, theN-point statistics of the velocity field are given by the
three-point statisticsp[u(x+ r1)|u(x+ r2),u(x)], which are equivalent
to p[ξ (r1)|ξ (r2),u(x)]. Thus, a stochastic three-point closure for the
turbulent velocity is given.

The analysis presented in the present paper is restricted toa
single velocity component, but in principle, it can be extended to
a velocity vector with three components. The drift and diffusion

functions would then become tensorsD(1)
i (ξ, r,u) and D(2)

i j (ξ, r,u),
which contain coupling terms between the different velocity (incre-
ment) components. Siefertet al. [21] investigated the Fokker-Planck
equation for two components of the velocity incrementξ, and found
that the drift function decouples, while the diffusion function contains
non-vanishing coupling terms between longitudinal and transversal
velocity increments. These coupling terms were found to have simple
functional forms, and thus the analysis can be easily extended to more
than one velocity component. However, such an analysis requires
more data —Siefertet al. [21] needed data of length 108 to perform
the two-dimensional analysiswithout conditioning on the velocity—
and is therefore left to future studies. With the knowledge of (or
appropriate assumptions about) the coupling coefficients,it would be
possible to extend the method of time-series generation proposed in
[23, 24] —with the additional conditioning on the velocity proposed in
the present paper—, to the generation of synthetic turbulent velocity
signals with three components.

We thank S. L̈uck, C. Renner, and J. C. Vassilicos for the experi-
mental data, and acknowledge financial support by DFG Grant No. PE
478/14-1.
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4.5 Appendix:
The (Mann-Whitney-)Wilcoxon test

The null hypothesis to be tested by the Wilcoxon test [29, 30, 18] is that
the probability density functionsp(x) and p̃(y) of the stochastic vari-
ablesx andy are identical. In the case of Eq. (4.3), for example, the two
stochastic variables arex = ξ j |ξ j+1

, andy = ξ j |ξ j+1,ξ j+2
. Two samples

x1, ...,xN andy1, ...,yM of independent realizations of the variables are
taken from the data. We take values which are separated by oneintegral
length to be sufficiently independent from each other for thepurpose of
the test, in order not to reduce the sample sizes too much. Then, the
number of valuesxn with xn < ym is counted for eachym and summed
overm:

Q =
M

∑
m=1

N

∑
n=1

zmn, zmn =

{

1 : xn < ym

0 : xn ≥ ym
. (4.19)

Under the null hypothesis, the quantityQ is Gaussian distributed with
mean valueµ0(N,M) = NM/2, and, forN,M > 25, standard deviation
σ0(N,M) =

√

NM(N +M +1)/12. Also under the null hypothesis, it
follows that the quantity

∆Q =
|Q− µ0(N,M)|

σ0(N,M)
, (4.20)

which is the absolute value of a standard normal distributedvariable,
has a mean value of

√

2/π. In the present implementation of the test,
the quantity

∆Q∗ ≡ ∆Q/
√

2/π (4.21)

is calculated for a fixed value ofξ j+2 for a number of 100 bins for
ξ j+1, which span the complete range ofξ j+1. The mean value〈∆Q∗〉 is
calculated by taking the average over the 100 values of∆Q∗. Under the
null hypothesis of Markov properties, the expectation value of ∆Q∗ is
one.
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Chapter 5

Further Results

5.1 Multi-point correlations
in inhomogeneous turbulence1

Abstract We examine the spatial Markov properties of all three ve-
locity components in inhomogeneous turbulence. We use measurement
data of the axisymmetric far wake behind a disk atRe= 2 ·104, mea-
sured simultaneously with cross hot wire probes at twelve different dis-
tances from the flow axis. We show that the velocity components and
Reynolds stresses can be approximated by Markov processes for large
enough separations perpendicular to the flow direction. Ourresults in-
dicate that theN-point correlations of the velocity components and the
Reynolds-stresses in inhomogeneous turbulence might be approximated
by a stochastic process governed by a Fokker-Planck equation, which
could be the basis of a stochastic closure of the Reynolds averaged
Navier-Stokes equations.

1This Section5.1has been published as R. STRESING, M. TUTKUN, and J. PEINKE,
Spatial multi-point correlations in inhomogeneous turbulencein J. PEINKE, M. OBER-
LACK , and A. TALAMELLI (eds.),Progress in Turbulence III – Proceedings of the iTi
Conference in Turbulence 2008, Springer, 2009. The mathematical notation has been
slightly modified.
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5.1.1 Introduction:
Closure problem and stochastic processes

The central problem of turbulence is to determine the n-point proba-
bility density functions (PDF) of the velocity field. One mathematical
formulation of this problem is the infinite Friedmann-Keller system of
differential equations for all possible moments of these PDFs [1]. Any
finite subsystem of this system is always unclosed, as, for example, are
the Reynolds averaged Navier-Stokes (RANS) equations:

∂ρ ūi

∂ t
+

∂
∂x j

(

ρ ūiū j + ρu′iu
′
j

)

= − ∂ p̄
∂xi

+ ρν∇2ūi , (5.1)

where the velocity components have been split into their mean and fluc-
tuating parts,ui = ūi + u′i .

2 Turbulence models based on the RANS
equations focus on expressions for the Reynolds stressesτi j = −ρu′iu

′
j .

We propose a solution based on stochastic process equationsfor the
Reynolds stresses.

If the PDFs of the Reynolds stresses,p(u′iu
′
j), or the joint PDF of

the fluctuations,p(u′1,u
′
2,u

′
3), are known, the Reynolds stresses can be

calculated:

u′iu
′
j =

∞
∫

−∞

u′iu
′
j p(u′iu

′
j)du′iu

′
j =

∞
∫

−∞

∞
∫

−∞

∞
∫

−∞

u′iu
′
j p(u′1,u

′
2,u

′
3)du′1du′2du′3.

(5.2)

We want to know theN-point joint PDFs of the components of the
velocity fluctuations or the Reynolds stress tensor,p[φ(rN), . . . ,φ(r1)],
whereφ stands forui or τi j , and the pointsrn are assumed to be equally
spaced and lie on a straight line. If the stochastic process for the spatial
evolution of the quantityφ has Markov properties, that is, if

p[φ(rn)|φ(rn−1), . . . ,φ(r1)] = p[φ(rn)|φ(rn−1)], (5.3)

theN-point joint PDF of can be expressed by a product of conditional
PDFs:

p[φ(rN),φ(rN−1), . . . ,φ(r1)] = (5.4)

p[φ(rN),φ(rN−1)] . . . p[φ(r2),φ(r1)]p[φ(r1)].

2[Only within the present section the indexi in ui denotes thei-th componentof the
velocity vector.]
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The stochastic process for the conditional PDFs can be described by a
Kramers-Moyal expansion. If the fourth-order Kramers-Moyal coeffi-
cient D(4) is zero, the expansion truncates after the second term3 and
becomes a Fokker-Planck equation:4,5

∂
∂ r

p(φ , r|φ0, r0) =

[

− ∂
∂φ

D(1)(φ , r)+
∂ 2

∂φ2 D(2)(φ , r)

]

p(φ , r|φ0, r0),

(5.5)

which is equivalent to the corresponding Langevin equation(It ō formal-
ism) for the quantityφ(r) itself:

∂
∂ r

φ(r) = D(1)(φ , r)+

√

D(2)(φ , r)Γ(r), (5.6)

whereΓ(r) represents Gaussian white noise, and the drift and diffusion
functionsD(1) andD(2) are defined as:

D(k)(φ , r) = lim
∆r→0

1
k!∆r

+∞
∫

−∞

(φ̃ −φ)k p(φ̃ , r −∆r|φ , r)dφ̃ . (5.7)

Note that averaging over Eq. (5.6) for φ = τi j andr = x j gives an ex-
pression for the term∂

∂xj
u′iu

′
j in Eq. (5.1)6.

5.1.2 Experimental results – Markov properties

As an example for an inhomogeneous turbulent flow we analyze cross
hot-wire measurements in the axisymmetric wake of a disc with di-
ameter D= 20 mm, taken simultaneously at twelve distancesr i from
the flow axis at a downstream distancex/D = 50, at Reynolds number
Re= U∞D/ν = 20400 [6]. We denote the component of the veloc-
ity fluctuations in the direction of the main flow asu, the transverse
compontent asv, and the azimuthal (tangential) component asw. We

3Pawula’s theorem states that ifD(4) = 0, thenD(k) = 0 for all k > 2.
4The present work is based on previous investigations of theN-scalejoint PDFs of the

velocity incrementson different scales [2, 3, 4, 5]. It has been shown for several different
flow types over a wide range of Reynolds numbers, that the scale-to-scale evolution of the
PDFs of the increments can be described by a Fokker-Planck equation.

5For simplicity, we writeφ and φ0 instead ofφ(rn) and φ(rn−1) in Eq. (5.5) to
Eq. (5.7).

6Incompressibility is assumed andρ is omitted.
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only look at the three probe positions closest to the axis of the disk:
r1 = 0.67δ∗, r2 = δ∗, andr3 = 1.33δ∗, wherer is zero on the axis, and
δ∗ = 42 mm is the transverse length scale. The Integral length in the
direction ofu is Lu = 23 mm atr1 (inner position), andLu = 43 mm at
r3 (outer position).
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Figure 5.1: Contour plots of p[φ(r3)|φ(r2)] (black) and
p[φ(r3)|φ(r2),φ(r1)] (red), with (a,d) φ = u, (b) φ = v, (c) φ = uv, (e)
φ = w, and (f) φ = uw. In all plots, φ(r1) = 0±σφ /8, except in (d),
where φ(r1) = −1±σφ/6.

We examine the Markov properties of the measurement data by a
graphical inspection of both sides of

p[φ(r3)|φ(r2),φ(r1)] = p[φ(r3)|φ(r2)], (5.8)

which is a simplification of Eq. (5.3), sufficient for finite data sets.
Fig. 5.1 shows the right and left hand sides of Eq. (5.8), whereφ(rn)
stands for the variablesu, v, w, uv, anduwat the positionrn.

In all cases, the general shapes of the conditional PDFs of Eq. (5.8)
agree very well. There are some minor differences especially around
φ(r2) = 0 (the “notch” in the PDFs), which increase asφ(r1) deviates
from zero, as can be seen from figures (a) and (d) for the case ofφ = u.
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These differences aroundφ(r2) = 0 can be explained by the presence of
more quiescent, or quasi-laminar phases of the flow, which donot have
Markov properties.

Having shown that the data has approximate Markov properties for
sufficiently large spatial separations, we can state that the stochastic
process for ∂

∂ r p[φ(rn)|φ(rn−1)] can be approximated by a Kramers-
Moyal expansion. If, furthermore, the fourth-order Kramers-Moyal
coefficient is zero, the process follows a Fokker-Planck equation. As
we cannot calculate the (spatial) Kramers-Moyal coefficients directly
from our data, this problem is left for future studies on the basis of
multi-point measurements with smaller separations∆r, or on the basis
of numerical simulations.

We conclude that theN-point statistics of inhomogeneous turbu-
lence in the wake of a disk can be approximated by a Markov pro-
cess. This result indicates that the spatial derivatives ofthe Reynolds
stresses can be described by a stochastic process, possiblygoverned by
a Fokker-Planck equation.
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5.2 Further results on
fractal-generated turbulence

For lack of space, the following result obtained for fractal-generated
turbulence was not included in the publication which is presented as
Chapter2 of this book.

5.2.1 Coefficientsd21 and d22

The coefficientsd22, and especiallyd21 of Eq. (2.6) from Chapter2 are
more difficult to estimate than the leading coefficientsd11 andd20, and
they are also less important for the stochastic process. Figure5.2shows
that the coefficientd21(r) displays a dependency on the Reynolds num-
ber Rλ for fractal-generated turbulence, when estimated directly from
Eq. (2.4). This systematic dependency is not present for the optimized
coefficient in the lower part of the figure. In the case of the coefficient
d22(r), it is not clear weather there is a systematic dependency onRλ ,
or just strong scattering. The optimized coefficientd22 does not — or
only very weakly — depend onRλ . Although there might be some de-
pendence of the directly estimated coefficientd21 on Rλ , the optimized
coefficientsd21 andd22 do not depend onRλ . This observation confirms
our result that the Fokker-Planck equation for the interscale process of
fractal-generated turbulence is independent of the Reynolds number.
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Figure 5.2: Coefficients d21 and d22 of Eq. (2.6) as functions of the
scale r for the fractal square grid, estimated directly (upper figures)
and by numerical optimization (lower figures). Reynolds numbers Rλ
are given in the legends.
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5.3 Further results on
Markov properties of turbulence

This section should be read in context with, and as a supplement to,
Chapter3.

5.3.1 Dependence of the Fokker-Planck equation
on the nesting structure of velocity increments

In Section3.2.2, we investigated the Markov property of the stochastic
processes in scale for different nesting structures of the velocity incre-
ments. We found that the Einstein-Markov coherence length is similar
for different nesting structures, if an appropriate measure for the dis-
tance between scales is applied. In the present Section, we want to
examine how the coefficients of the Fokker-Planck equation depend on
the nesting structure.

The drift and diffusion functions of the Fokker-Planck equation
(3.4) can be estimated from the conditional momentsM(k)(ξ , r,∆r),

D(k)(ξ , r) = lim
∆r→0

M(k)(ξ , r,∆r) (5.9)

M(k)(ξ , r,∆r) =
r j

k!∆r
〈
[

ξ ′(r −∆r)− ξ (r)
]k〉 (5.10)

=
r j

k!∆r

∞
∫

−∞

(ξ ′− ξ )k p
[

ξ ′(r −∆r)|ξ (r)
]

dξ ′.

The extrapolation∆r → 0 is usually performed by a linear fit to the val-
ues ofM(k)(ξ , r,∆r) in the rangelEM ≤ ∆r ≤ 2lEM [4, 5]. Fig. 5.3(a)
shows that this procedure would lead to very different estimates of
the Kramers-Moyal coefficientsD(2)(ξ , r). In contrast, if the linear fit
is performed in the rangelEM ≤ δ r ≤ 2lEM, whereδ r is defined as
δ r = (1

2 + |q− 1
2|)∆r (see Section3.2.2), the estimates ofD(2)(ξ , r) are

very similar, as shown in Fig.5.3(b).7 For the Einstein-Markov coher-
ence lengthlEM, we take the estimates for left-bounded increments,l lEM,
and for centered increments,lcEM, respectively, from Table3.1. It is also
clear from the shapes of the graphs in Fig.5.3(a) and (b) that the mo-
mentsM(2)(u, r,∆r) for left-bounded and centered increments exhibit a

7For left-bounded increments (q = 0), the two measures are identical,δ r = ∆r , while
for centered increments (q = 1/2), it is δ r = ∆r/2.
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similar scaling withδ r and not with∆r. Thus, the extrapolation∆r → 0

should be performed by a fit in the rangelc/l
EM ≤ δ r ≤ 2lc/l

EM.
After estimating the drift and diffusion functions by the linear fits

shown in exemplary cases in Fig.5.3(b), the drift and diffusion func-
tions can be parameterized as

D(1)(ξ , r) = −d11(r)ξ , (5.11)

D(2)(ξ , r) = d20(r)−d21(r)ξ +d22(r)ξ 2. (5.12)

The estimated coefficientsdi j are shown as functions ofr in Fig. 5.4.
The leading coefficientsd11 and d20 are practically identical for
left-bounded and centered velocity increments. Only the coefficients
d21 and d22 of the diffusion function depend significantly on the
nesting structure. These coefficients, however, can not be estimated as
precisely asd11 andd20.

In conclusion, we note that when the drift and diffusion functions
are estimated with a method based on the distance measureδ r defined
in Section3.2.2, significant differences between left-bounded and cen-
tered nesting of velocity increments are only observed for the linear and
quadratic terms of the diffusion function.
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Figure 5.3: Coefficient M(2)(u, r,∆r) for u = −σ∞ and r = 2λ for the
free-jet data at Rλ = 190. (Here, σ∞ =

√
2σu, and σu is the stan-

dard deviation of the velocity.) The values for centered increments (cir-
cles), and left-bounded increments (squares) are plotted as functions
of ∆r/λ (a), and δ r/λ (b). Linear fits for the determination of D(2)(u, r)
are shown as straight lines for centered increments and dashed lines
for left-bounded increments. Vertical lines denote the corresponding fit
regions, l lEM ≤ ∆r ≤ 2l lEM in (a), and lcEM ≤ δ r ≤ 2lcEM for centered in-
crements (straight lines), respectively l lEM ≤ δ r ≤2l lEM for left-bounded
increments (dashed lines) in (b).
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5.3.2 Markov properties of synthetic data8

In this section, we examine if the observed Markov properties for the
different processes (in time/space and in scale, and for different nesting
structures of increments) are a specific feature of turbulence, or other-
wise a more general phenomenon. Therefore, we analyze data gener-
ated by a non-Markovian stochastic process defined by

dXt = −αXtdt +dYt , (5.13)

dYt = −βYtdt +dWt , Wt −Ws∼ N(0,t −s), (5.14)

whereWt is a Wiener process, andα andβ are constants with 0< α < 1
and 0< β < 1. Equation (5.13) is identical to an Ornstein-Uhlenbeck
process, except that its noiseYt is again generated by an Ornstein-
Uhlenbeck process, defined by Eq. (5.14) (“colored noise”).9 The pro-
cess defined by Equations (5.13) and (5.14) has no Markov property for
any step sizeτ. Nevertheless, the conditional PDFp(Xt |Xt−τ ,Xt−2τ) be-
comespractically independent ofXt−2τ for large enoughτ in the sense
that the dependence of the PDF onXt−2τ is not statistically significant
for large enoughτ for finite synthetically generated time series.

For the 16 combinations of the values 0.05, 0.1, 0.2, and 0.3 for
the parametersα and β , we generate discrete time series with step
size τ = tm − tm−1 = 1 and length 106, which is comparable to the
lengths of the experimental data examined in Chapter3. We observe
an exponential decay of the test value〈∆Q∗〉 of the Wilcoxon test
(see Section3.5), which allows us to determine theEinstein-Markov
coherence lengthby the same fitting method as for the experimental
data. As base-increment lengthr1 of the interscale processes we take
half the integral length of the respective data,r1 = L/2 (the ratios
of L/l lEM vary between 1.4 and 3.2). The results are remarkably
similar to those obtained for the turbulence data in Table3.1: the
ratios of the different length scales arel tsEM/l lEM = 0.99± 0.07 and
lcEM/l lEM = 0.94±0.07, wherelcEM ≡ δ r∗, as explained in Section3.2.2.

Thus, the similarity of the Markov-Einstein coherence lengths for
processes in space/time and in scale is not a special featureof turbu-

8Sections5.3.2and5.3.3are based on suggestions by David Kleinhans, whom I would
like to thank for sharing his ideas.

9The Ornstein-Uhlenbeck process is the continuous-time analog of an autoregressive
process of order one, AR(1).
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lence, but it can also be observed for synthetically generated data like
those examined in the present section.

5.3.3 Embedded Markov chain model

Kaminsky et al. [7] analyze non-stationary boundary-layer wind speed
data with the one-step Markov chain model described in Section 3.3.
In contrast to our results for stationary laboratory turbulence, the model
fails completely to reproduce the power spectrum of the windspeed
data. However, the power spectrum can be reproduced much better by
a two-stepembeddedMarkov chain model [7]. In this subsection, we
apply such a model to our data in order to see if it is also capable of
reproducing the inertial range intermittency and skewnessof the incre-
ment distributions of stationary laboratory turbulence.

The embedded Markov chain model is a two-step procedure. First,
a large-scale transition matrix is calculated for the velocities averaged
overm elementary time stepsτ. These averaged velocities are denoted
U in the following. Next, a small-scale transition matrix forthe ele-
mentary time stepτ is calculated for the fluctuations around the aver-
age velocity values,u′t = u∗t −Ut . As in the one-step model described
in Section3.3, the time series are reduced to a number of discrete val-
ues of the velocitiesu∗, U , and, consequently,u′. In order to exclude
‘jumps’ in the time series, only transitions within the samelevel ofU are
considered for the calculation of the small-scale transition matrix. For
the synthetic reconstruction of data, two time series are generated and
added, one from the small-scale and one from the large-scaletransition
matrix (in the latter case, of course, each velocity valueU is repeatedm
times).

We apply this two-step procedure to the cryogenic helium jetdata
at Rλ = 352, again for a basic step sizeτ equivalent to the Taylor mi-
croscale,τ = λ/ū. The best results were achieved for a large scale tran-
sition matrix for step sizes in the order of the integral length,L≈ 14.5λ .
Figure 5.5 shows the power spectrum of the reconstructed data for
m = 15 together with the original and one-step model power spectra.
The power spectrum of the embedded model is still closer to the origi-
nal spectrum than the spectrum of one-step model in the low frequency
range, but displays more deviations from the original data and cyclical
fluctuations for high frequencies. The skewness of the increment distri-
butions reflected in the third order structure function shown in figure5.6
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is more realistic for the embedded model than for the one-step model,
but still reaches only about half the value of the original data. The val-
ues of flatness of the increment distributions shown in figure5.6 are
closer to the original data for the two-step model than for the one-step
model for medium scales, but they exhibit sharp bends at the scalemλ ,
and multiples ofmλ , and they are too large at small scales.

We conclude that the missing long-wave information of the one-step
Markov chain model described in Section3.3can not be completely re-
covered by the two-step embedded Markov chain model. Such embed-
ded models might be useful for the synthetic generation of wind speed
data, where the reconstruction of the power spectrum is improved in
comparison to the one-step model [7], but they are too simple to repro-
duce the intermittency and skewness of homogeneous isotropic turbu-
lence.

10–2 10–1 100
k . λ

E
 [a

.u
.]

original data

one−step model

embedded m = 15

slope = −5/3

cryogenic helium jet
                  Rλ = 352

Figure 5.5: Power spectra of the original and reconstructed data for the
cryogenic helium jet at Rλ = 352.
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Figure 5.6: Third order structure functions and flatnesses of the veloc-
ity increment distributions of the original and reconstructed data for the
cryogenic helium jet at Rλ = 352. The parameter m, which denotes
the ratio of the large to the small scale of the transition matrices in the
embedded model, is given in the legends.
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5.4 Further results on multi-point statistics
of turbulence

This section should be read in context with, and as a supplement to,
Chapter4.

5.4.1 Synthetically generated data

In order to get a better understanding of the relation between N-scale
and (N+1)-point statistics, we analyze synthetic data generatedby an
autoregressive process of first order, AR(1),

ui = ρui−1+ εi , εi ∼ i.i.d.N(0,1), (5.15)

whereεi is delta-correlated Gaussian white noise with mean zero and
variance one,10 andρ is a real number between zero and one. Forρ = 0
the process is just white noise, and forρ = 1 it is a random walk. The
conditional densityp(ξ1|ξ2,ui) can be calculated analytically from the
transition probabilities

p(ui|ui−1) =
1

σ
√

2π
exp

[

− (ui −ρui−1)
2

2σ2

]

, (5.16)

using

p(ξ1|ξ2,ui) =
p(ξ1,ξ2,ui)

p(ξ2,ui)
=

p(ui+2,ui+1,ui)

p(ui+2,ui)
(5.17)

=
p(ui+2|ui+1)p(ui+1|ui)

∞
∫

−∞
p(ui+2|ui+1)p(ui+1|ui)dui+1

.

Assuming thatui−1 = 0, the solution is

p(ξ1|ξ2,ui) = p(ui+1|ui+2,ui) (5.18)

=
√

1+ ρ2 exp

[

−1+ ρ2

2σ2

(

ui+1−
ρ(ui+2+ui)

(1+ ρ2)

)2
]

.

10The abbreviationi.i.d. stands forindependent and identically distributed.
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For ρ = 0, this becomes:

p(ξ1|ξ2,ui) = p(ξ1|ui) = exp

[

− 1
2σ2 (ξ1 +ui)

2
]

= p(ui+1), (5.19)

and forρ = 1:

p(ξ1|ξ2,ui) = p(ξ1|ξ2) =
1√
2

exp

[

− 1
σ2

(

ξ1−
ξ2

2

)2
]

. (5.20)

With increasing value ofρ , the process becomes more correlated and
less stationary, and the conditional densityp(ξ1|ξ2,ui) becomesin-
creasingly independentof ui. However, for the stationary process with
ρ < 1, Eq. (4.13) can not be fulfilled exactly because of the ‘restoring
force’ expressed byρut−1, which tends to drive the system back to its
long-term mean value, ¯u = 0.

This behavior is in good agreement with the results on the velocity-
dependence of the conditional increment PDFs and the Fokker-Planck
equation presented in Sections4.3 and5.4.2. At large scales, the tur-
bulence signal becomes more uncorrelated and more stationary, and
therefore more similar to white noise. At these large scales, the de-
pendence of the conditional PDFp(ξ1|ξ2,ui) on the velocityui is more
pronounced, as we would expect from the behavior of the autoregressive
process for small values ofρ .

5.4.2 Dependence of conditional PDFs
of velocity increments on the velocity

In order to quantify differences of the two distributions inEq. (4.13),
p(ξ1|ξ2,ui) and p(ξ1|ξ2), for various different scalesr1 andr2 = 2r1,
we can also apply the Wilcoxon test described in Section4.5. Figure5.7
shows the results of the Wilcoxon-test of Eq. (4.13) for three different
data sets for different values ofui as functions of the scaler1. Values of
the test statistics〈∆Q∗〉 close to one indicate validity of the hypothesis
expressed in Eq. (4.13). Due to the nature of statistical tests, the values
〈∆Q∗〉 show some scattering which we attenuate by a moving-average
filter with a triangular kernel.

For the free jet and fractal grid, the Wilcoxon test values for the con-
dition ui = 0 are close to one for scalesr1 smaller than approximately
half the integral lengthL (for the free jet,L ≈ 9λ , and for the fractal
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grid, L ≈ 8λ ). However, for other values ofui , especially forui = 2σu,
the range of Wilcoxon test values close to one is reduced to very small
values ofr1 ≪ L. For the cylinder wake, the increase of the test values
〈∆Q∗〉 sets in at even smaller scales (here, however, we have to takeinto
account the relatively large scale separationL/λ ≈ 30). The relatively
large values of〈∆Q∗〉 for very small scalesr1 < lEM might be related
the fact that the stochastic process in scale has no Markov properties at
scalesr1 < lEM ≈ 0.8λ .

In conclusion, we find only a small range of scaleslEM < r1 ≪ L,
where the Wilcoxon test indicates the validity of Eq. (4.13). In this
very small range, the conditional PDFs of the velocity increments are
approximately independent of the velocity itself. For larger scales, the
velocity dependence of the interscale process can not be neglected. This
result is in agreement with the finding presented in Fig.4.4 in Section
4.3 that the velocity-dependent termd10 in the Fokker-Planck equation
is quite small at scalesr ≪ L.
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Figure 5.7: Wilcoxon-test of Eq. (4.13) for the free jet and cylinder wake
(see Chapter 4), and the fractal grid (see Chapter 2). Circles denote
the Wilcoxon-test values 〈∆Q∗〉 for ui = 0±σξ /8, and the thick solid
line is the smoothed curve of these values, where the smoothing kernel
has a triangular shape which includes fife neighboring points to the left
and to the right. The dashed and dotted lines are the smoothed curves
of the 〈∆Q∗〉 for ui = σu ±σu/6, ui = −σu ±σu/6, ui = 2σu ±σu/4,
and ui =−2σu±σu/4, as denoted in the legends. The decreasing thin
solid line is the autocorrelation function ACF = 〈u(x)u(x+ r1)〉/〈u2(x)〉.
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